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Abstract—Optimal, network-driven control of water distri-
bution networks (WDNs) is very difficult: valve and pump
models form non-trivial, combinatorial logic, hydraulic mod-
els are nonconvex, water demand patterns are uncertain, and
WDNs are naturally large-scale. Prior research on control of
Water Distribution Network (WDN)s addressed major research
challenges, yet either (i) adopted simplified hydraulic models,
WDN topologies, and rudimentary valve/pump modeling or (ii)
used mixed-integer, nonconvex optimization to solve WDN control
problems.
The objective of this paper is to develop tractable com-
putational algorithms to manage WDN operation, while con-
sidering arbitrary topology, flow direction, an abundance of
valve types, control objectives, hydraulic models, and operational
constraints—all while only using convex, continuous optimization.
Specifically, we propose new Geometric Programming (GP)-based
Model Predictive Control (MPC) algorithms, designed to solve
the water flow equations and obtain WDN controls—pump/valve
schedules alongside heads and flows. The proposed approach
amounts to solving a series of convex optimization problems that
graciously scale to large networks. Under demand uncertainty,
the proposed approach is tested using a 126-node network with
many valves and pumps and shown to outperform traditional,
rule-based control. The developed GP-based MPC algorithms, as
well as the numerical test results are all included on Github.
Index Terms—Water distribution networks, geometric pro-
gramming, model predictive control, pump and valve control.
LIST OF ACRONYMS
DAE Difference Algebraic Equation
FCV Flow Control Valve
GP Geometric Programming
GPV General Purpose Valve
MPC Model Predictive Control
PRV Pressure Reducing Valve
RBC Rule-based Control
WDN Water Distribution Network
WFP Water Flow Problem
I. INTRODUCTION AND PAPER CONTRIBUTIONS
WATER distribution networks (WDNs) are large-scalecritical infrastructures. The real-time management and
operation of WDNs considering economic and environmen-
tal factors have gained an increasing interest from various
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engineering and social science disciplines. With the expan-
sion of cities, the complexity of WDNs poses challenges
for water utilities taking into account multiple—potentially
conflicting—objectives such as minimizing economic costs,
guaranteeing the stability and security of the network, and
maintaining safe water levels in tanks and reservoirs.
The very basic decision-making problem involved in WDN
operation, the Water Flow Problem (WFP), is to solve for the
water flow and head (i.e., the energy) in pipes given water
demand forecasts. The hydraulic models of head loss and
water flow across pipes, valves, and pumps are nonlinear—
especially when considering different kinds of valves and
pumps. This subsequently makes it very difficult to find op-
timal management/operation strategies incorporating the WFP
in a computationally efficient way. In short, the basic WFP
constraints (nonconvex constraints modeling hydraulics of
heads and flows) show up in an abundance of WDN prob-
lem formulations. These formulations include the hour-ahead
operation of pumps and valves, pipe burst detection, water
quality control, and sensor placement in water networks [1].
A. Literature review
The literature on solving the nonconvex WFP as well
as other related problem formulations is rich and briefly
summarized next. The main classical approaches to solve the
WFP are based on Hardy-Cross [13], Newton-Raphson [14]–
[16], linearization [17], [18], optimization [19], [20], gradient-
based [21], and more recently, fixed-point methods [22], [23].
All of these methods are iterative algorithms developed to
solve a set of linear and nonlinear equations to obtain the
physical status of WDNs, i.e., the flow through each pipe
or the head at each node. These methods differ in terms
of convergence speed and limitations. The authors in [24]
produce a thorough discussion on the uniqueness of WFP
solution for various types of networks.
Several methods have been developed to solve the operation,
scheduling, and planning problems incorporating the WFP and
have been recently surveyed in [1] in great detail. One of these
methods is based on model predictive control (MPC), also
known as receding horizon control, with formulations reported
in [2]–[5], [25]. These are reviewed next, as they relate to the
scope of this paper. Specifically, the authors in [25] present a
stochastic MPC formulation to handle uncertainty in WDNs
and apply the proposed MPC to the Barcelona drinking water
network with real demands. The study [2] obtains optimal
management strategies in urban water cycle via MPC. The
authors in [3] address a nonlinear economic MPC strategy
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2Tab. I: Various considerations of papers about optimal control in WDNs.
Reference Networktopology
Tank
dynamics
Head loss
model
Variable-speed
pump
Various
vavles
Dynamic
price
Pump cost
model
Pump
efficiency
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
GP-MPC
means not considered; means partially considered; means fully considered.
to minimize the economic costs associated with pumping and
water treatment. A nonlinear MPC controller is designed in [4]
to meet consumer demands at desired pressures. The authors
in [5] consider the application of a controller that is approved
to be robust to maintain stable operation of water flow rate,
and to reduce the operational cost by manipulating the pump
speed via MPC.
As for the optimal control of WDNs, there are various
factors listed in Tab. I needed to be considered from an
engineering standpoint. For example, some research methods
only consider simplified WDN topology, the rather simpler,
quadratic head loss model, fixed-speed pumps, and simple
valve models which can be viewed as constraints with upper
and lower bounds on the flow. Besides that, the pump cost
model is assumed as fixed or quadratic in many studies,
and other methods fail to consider the influence of dynamic
electricity prices or pump efficiency. All studies and corre-
sponding considerations related to optimal control in WDNs
are presented and compared in Tab. I.
When combining the WFP with the dynamics of water
tanks and operation of pumps and valves, a set of nonlinear
difference algebraic equations (DAEs) can be formulated to
model WDNs. Some of the recent methods to deal with the
nonlinear DAEs are (a) linearizing the WFP constraints and
corresponding objective functions [2], [25]–[28], (b) construct-
ing relaxations for the nonlinear relationships to derive lower
bounding linear programs [6], [29], [30], (c) keeping the
nonlinearities and formulating the problem as a nonconvex
program [3], [7], [31], [32], and (d) applying convex approx-
imations/relaxations to convert the nonconvex problem into a
convex one [6], [8], [9], [33]–[36].
The studies closest to our paper are [6]–[9], [33]. The
authors in [6] perform pump scheduling with a (non)linear
programming based branch and bound method, and a tight
mixed integer linear relaxation of the original non-convex
formulation is devised and solved. In [7], the authors use
a mixed-integer nonlinear programming (MINLP) model in-
corporating both the nonlinear physical laws and discrete
decisions, and algorithmic techniques such as branch-and-
bound and linear approximation are applied to solve MINLP to
-global optimality. In [33], the authors use GP approximations
and convert the nonconvex head loss equations into GP form,
and hence a globally optimal solution is guaranteed. An
important contribution of [33] is that the proposed GP method
is non-iterative (i.e., it is a one-shot optimization problem).
However, this approach operates under the assumption that
the network has a tree topology or that flow directions are
known. Studies making similar assumptions include [8], [37].
The authors in [9] model the optimal scheduling of WDNs
as a mixed-integer second-order cone program, which is
analytically shown to yield WDN-feasible minimizers under
certain sufficient conditions.
B. Paper contributions
The objective of this paper is to develop tractable com-
putational algorithms based on convex programming to man-
age WDN operation through an MPC scheme. Specifically,
this paper presents an MPC algorithm considering arbitrary
network topology, tank volume dynamics, realistic pump cost
models, arbitrary flow directions, and an abundance of valve
types, control objectives, and operational constraints. The main
contributions of this paper are summarized as follows.
• We derive a nonlinear DAE model of WDNs that in-
corporates discrete-time tank dynamics, models depicting
conservation of mass and energy, any of the three com-
mon empirical head loss equations (Hazen-Williams, Darcy-
Weisbach, and Chezy-Manning), various types of valves
[General Purpose Valve (GPV), Pressure Reducing Valve
(PRV), and Flow Control Valve (FCV)] as well as general
models of pumps (variable or fixed speed pumps). Given
the general nonlinear DAE model, we formulate a nonlinear
MPC that includes the DAE-constrained model, three impor-
tant objective functions for WDN management (water safety
level, smoothness of control action, and pump costs), and
other operational constraints on pumps, valves, and tanks.
Sections II and III present this contribution.
• To deal with the non-convexity of the MPC formulation,
geometric programming (GP) methods are investigated to
furnish WDN controllers managing pumps and valves with-
out restricting the WDN graph topology and most im-
portantly, without assuming knowledge of the water flow
3Tab. II: WDN models and their DAE and Geometric Programming (GP) forms.
Original hydraulic model DAEs GP form Abstract GP
Tanks hTKi (k + 1)=h
TK
i (k)+
∆t
ATKi
 ∑
j∈N in
i
qji(k)−
∑
j∈Nout
i
qij(k)
 (1) (18a) hˆi(k)
 ∏
j∈N in
i
qˆji(k)
∏
j∈Nout
i
qˆ
−1
ij (k)
 ∆tATKi hˆ−1i (k+1)=1 (2) (31a)
Junction nodes
∑
j∈N in
i
qji(k)−
∑
j∈Nout
i
qij(k) = di(k) (3) (18b)
∏
j∈N in
i
qˆji(k)
∏
j∈Nout
i
qˆ
−1
ij (k)dˆ
−1
i (k) = 1 (4) (31b)
Pipes h
P
ij(k) = hi(k)− hj(k) = Rqij(k)|qij(k)|µ−1 (5) hˆi(k)hˆ−1j (k)[CP(k)]−1qˆ−1ij (k) = 1 (6) (31c)
Pumps h
M
ij(k) = hi(k)− hj(k) = −s2ij(k)(h0 − r(qijs−1ij )ν) (7) hˆi(k)hˆ−1j (k)[sˆij(k)]−C
M
1 (k)[qˆij(k)]
−CM2 (k) = 1 (8) (31d)
Valves (GPV) h
W
ij (k) = hi(k)− hj(k) = oij(k)Rqij(k)|qij(k)|µ−1 (9) (18c) hˆi(k)hˆ−1j (k)[oˆij(k)]−C
W(k)
qˆ
−1
ij (k) = 1 (10) (31e)
Valves (PRV)
{
hi(k) = hj(k), OPEN
hj(k) = hset, ACTIVE
(11)
{
hˆi(k)hˆ
−1
j (k) = 1, OPEN
hˆ
−1
j (k)hˆset = 1, ACTIVE
(12) (31e)(25)
Valves (FCV)
{
hi(k) = hj(k), OPEN
qij(k) = qset, ACTIVE
(13)
{
hˆi(k)hˆ
−1
j (k) = 1, OPEN
qˆ
−1
ij (k)qˆset = 1, ACTIVE
(14)
(31e)
(25)
Constraints
h
min
i ≤ hi(k) ≤ hmaxj (15a)
h
R
i (k) = h
R
i (15b)
0 ≤ sij(k) ≤ smaxij (15c)
0 ≤ oij(k) ≤ 1 (15d)
q
min
ij ≤ qij(k) ≤ qmaxij (15e)
h
M
ij ≤ 0 (15f)
(19)
hˆ
−1
i (k)hˆ
min
j ≤ 1, hˆi(k)
(
hˆ
max
j
)−1 ≤ 1 (16a)
hˆ
−1
i (k)hˆ
R
i = 1 (16b)
sˆ
−1
ij (k) ≤ 1, sˆij(k)
(
sˆ
max
ij
)−1 ≤ 1 (16c)
oˆ
−1
ij (k) ≤ 1, oˆij(k)b−1 ≤ 1 (16d)
qˆ
−1
ij (k)qˆ
min
ij ≤ 1, qˆij(k)
(
qˆ
max
ij
)−1 ≤ 1 (16e)
hˆ
M
ij ≤ 0 (16f)
(25)
direction. The proposed approach amounts to solving a
series of convex GP problems, and is embedded within the
MPC, resulting in a computationally tractable problem.∗ The
approximation of the nonconvex problem by a convex one
is presented in Section IV.
• Instead of and as an alternative to using integer variables
to model valve and pump operation, and to incorporate
sophisticated intricacies of valve/pump control, a heuristic
is put forth that takes into account computational efficiency
and WDN constraints. This algorithm is given in Section V.
Note that even if integer variables are allowed, it is still not
clear how PRVs can be accurately modeled which motivates
the proposed realistic algorithm.
To assess the applicability of the proposed methods, the
Battle of the Water Sensor Networks (BWSN) 126-node water
network [39], [40] with multiple valves and pumps is utilized.
Specifically, the case study illustrates how the formulated
algorithms have the potential to manage WDN in real-time
while incorporating uncertainty in the water demand patterns.
The algorithms are implemented within EPANET [41] and
provided in Section VI. To make this work accessible to
interested readers and practitioners, we also include a link [42]
to the codes used to generate the abstract DAE model, the
GP transformation, and the proposed algorithms in addition
to the results obtained in the case studies section of this
paper. The codes allow the user to input a different WDN
benchmark. A preliminary version of this work appeared
in [43] where we considered only the pump control problem
without incorporating various types of valves or a realistic
∗Solvers using standard interior-point algorithms can solve a GP with 1,000
variables and 10,000 constraints in under a minute on a small computer. For
sparse problems, a typical GP with 10,000 variables and 1 million constraints
can be solved in minutes on a desktop computer [38].
pump cost curve. The present paper thoroughly extends the
methods in [43] as presented in the ensuing sections.
II. CONTROL-ORIENTED MODELING OF WDNS
We model WDNs by a directed graph (V, E). Set V defines
the nodes and is partitioned as V = J ⋃ T ⋃R where J ,
T , and R respectively stand for the collection of junctions,
tanks, and reservoirs. Let E ⊆ V × V be the set of links,
and define the partition E = P⋃M⋃W , where P , M,
and W respectively stand for the collection of pipes, pumps,
and valves. For the ith node, set Ni collects its neighboring
nodes and is partitioned as Ni = N ini
⋃N outi , where N ini and
N outi stand for the collection of inflow and outflow nodes.
It is worth emphasizing that the assignment of direction to
each link (and the resulting inflow/outflow node classification)
is arbitrary, as the presented optimization problems yield the
direction of flow in each pipe. Tab. III summarizes the set and
variable notations in this paper. The WDNs are comprised of
active and passive components. The active components can be
controlled for management purpose and include pumps and
valves, while the passive components comprising junctions,
tanks, and reservoirs cannot be controlled.
The basic hydraulic equations describing the flow in WDNs
are derived from the principles of conservation of mass and
energy. In WDNs, the former implies that the rate of change
in the water storage volume is equal to the difference between
the system inflow and outflow and the latter states that the
energy difference stored in a component is equal to the energy
increases minus energy losses, such as frictional and minor
losses [44]. According to these basic laws, the equations
that model mass and energy conservation for all components
(passive and active) in WDNs can be written in explicit and
4Tab. III: Set and Variable notation.
Notation Set Notation Description
V A set of nodes including junctions, tanks and reservoirs
E A set of links including pipes, pumps and valves
J A set of nj junctions
T A set of nt tanks
R A set of nr reservoirs
P A set of np pipes
M A pair set of nm pumps
W A pair set of nw valves
Ni A set of neighbors node of the ith node, i ∈ V
N ini A set of inflow neighbors of the ith node, N ini ⊆ Ni
N outi A set of outflow neighbors of the ith node, N outi ⊆ Ni
Variable Notation Description
hi Head at node i
hTKi Head at tank i
hRi Head at reservoir i
hPij Head loss for the pipe from i to j
hMij Head loss/increase for the pump from i to j
hWij Head loss for the valve from i to j
qij Flow through a pipe, valve or pump from node i to node j
qij(k) The flow value qij at time k
〈qij(k)〉n the nth iteration value of qij(k)
compact matrix-vector forms in the first three columns of
Tab. II. The last two columns of Tab. II are needed in the
ensuing sections of the paper. The various component models
are reviewed next.
A. Models of passive components
1) Tanks and Reservoirs: The head dynamics from time k
to k + 1 of the ith tank can be written as (1) in Tab. II [43]
, where ∆t is sampling time; qji(k), i ∈ T , j ∈ N ini stands
for the inflow from the jth neighbor, while qij(k), i ∈ T , j ∈
N outi stands for the outflow to the jth neighbor; hTKi and ATKi
stand for the head and cross-sectional area of the ith tank.
We assume that reservoirs have infinite water supply and
the head of the ith reservoir is fixed [7]–[9], [41, Chapter
3.1], [44, Chapter 3]. This can also be viewed as an operational
constraint (15b) where hRi is specified.
2) Junctions and Pipes: Junctions are the points where wa-
ter flow merges or splits. The expression of mass conservation
of the ith junction at time k can be written as (3) in Tab. II,
and di stands for end-user demand that is extracted from node
i. The real demand is almost impossible to know in advance,
hence the predicted or estimated one is used in our paper, and
the introduced uncertainty is handled via MPC.
The major head loss of a pipe from node i to j is due to
friction and is determined by (5) from Tab. II, where R is
the resistance coefficient and µ is the constant flow exponent
in the Hazen-Williams, Darcy-Weisbach, or Chezy-Manning
formula [45]. The approach presented in this paper considers
any of the three formulae [41], [45]. Minor head losses are
ignored in this paper.
B. Models of active components
1) Head Gain in Pumps: A head increase/gain can be gen-
erated by a pump between the suction node i and the delivery
node j. The pump properties decide the relationship function
between the pump flow and head increase [45], [41, Chapter
3]. Generally, the head gain can be expressed as (7), where
h0 is the shutoff head for the pump; qij is the flow through a
pump; sij ∈ [0, smaxij ] is the relative speed of the same pump;
r and ν are the pump curve coefficients. It is worthwhile to
notice that (a) the hMij in (7) is always nonpositive, and this can
be viewed as an operational constraint (15f), (b) this head gain
model of a pump cannot describe the condition of the pump
being off which potentially reduces the pump cost, and we
define it as incompleteness of head gain model. When a pump
is off, speed sij(k) and flow qij(k) are equal to zero; and no
constraint exists between hi(k) and hj(k), which indicates that
they are decoupled. This entails that constraint (7) is removed
from the WDN model.
2) Valves: Several types of valves can be controlled in
WDNs, and they can be expressed as a component between
junctions i and j. Typically, the control valves are GPVs,
PRVs, and FCVs and the corresponding variables are valve
openness, pressure reduction, and flow regulation. The valve
models in our paper are based on the EPANET Users’ Manual;
see [41, Chapter 3] for more details. We next discuss the types
of valves considered in this work.
GPVs are used to represent a link with a special flow-
head loss relationship instead of one of the standard hydraulic
formulas. They can be used to model turbines, well draw-down
or reduced-flow backflow prevention valves [41, Chapter 3.1].
In this paper, we assume that the GPVs are modeled as a pipe
with controlled resistance coefficient and can be expressed
as (9) in Tab. II, where oij ∈ (0, 1] is a control variable
depicting the openness of a valve assuming GPVs can be fully
open but never closed, and the other variables are the same
as in the pipe model. Similar to the incompleteness of head
gain model of the pump, turning a GPV off is not equivalent
to setting the openness of the valve to 0. When a GPV is off,
no constraint exists between hi(k) and hj(k), which indicates
that they should be decoupled. However, if the openness oij
is set to 0, it results in the erroneous hi(k) = hj(k). Hence,
constraint (9) cannot describe the closedness of a GPV, and
therefore we assume that GPVs do not turn off, which is one
of our limitations.
PRVs limit the pressure at a junction in the network (reverse
flow is not allowed) and set the pressure Pset on its down-
stream side when the upstream pressure is higher than Pset [41,
Chapter 3.1]. Assuming that the upstream side is denoted as
i, and the downstream side is j, the PRVs can be modeled
by (11) in Tab. II where hset is the pressure setting converted
to head via hset = Ej + Pset where Ej is the elevation at
junction j and parameter Pset is the pressure setting of the
PRV and both are constant. Therefore, the head hWj is fixed.
We use the same logic in [41, Appendix D] to change the
status of a PRV, and only one case is presented here:
if previous status = ACTIVE then
if qij < 0 then current status = CLOSED (17)
if hWi > hset then current status = ACTIVE
else current status = OPEN
The logic above could be viewed as a conditional form con-
straint, and the resulting combinatorial relationship requires
modeling using integer variables. To avoid using MINLP, this
5Tab. IV: Vector variables of the DAE and MPC for WDNs.
Symbol Description Dimension
x A vector collecting heads at tanks nt
l A vector collecting heads at junctions nj
lM A vector collecting heads across pumps nm
u
A vector collecting flows through
controllable elements, e.g., pumps and valves nw + nm
uM A vector collecting flows through pumps nm
uW A vector collecting flows through valves nw
v
A vector collecting flows through
uncontrollable elements, e.g., pipes np
s A vector collecting the relative speed of pumps nm
o A vector collecting the openness of GPVs ng
d A vector collecting demands at junctions nj
ξ[t0] A vector collecting x, l, u, v, s, o at time t0 Hp(nt+nj+ng+
nw + np + 2nm)
ξˆ[t0] The GP form of vector ξ[t0] Hp(nt+nj+ng+
nw + np + 2nm)
conditional logic is mimicked through successive iterations.
Our motivation here is to maintain a tractable, convex pro-
gramming formulation through approximations and heuristics
that capture some depth in regards to the complex modeling
of WDN components. We denote 〈qij〉n as the nth iteration
value of qij , hence, 〈qij〉0, 〈qij〉1, . . . , 〈qij〉n stands for qij at
the 0th,1th, . . ., nth iteration. From the above logic, we can see
the current status of a PRV is decided by the previous status
and the qij or hWi . Supposing that the iteration is the n− 1th,
and thus that 〈qij〉n−1 and 〈hWi 〉n−1 can be solved for based
on the known status, e.g. ACTIVE, then the current status of
PRV can be determined according to the solved flow or head.
Thus, if the status is determined to be OPEN or ACTIVE,
the corresponding constraint from (11) is applied in the next
iteration; if it is detemined to be CLOSED, then hi and hj
are decoupled. To sum up, the conditions in if statement are
checked in the previous iteration and the conclusion in the then
statement is applied to the current iteration. This technique is
applied repeatedly in the ensuing sections.
FCVs limit the flow to a specified amount when hWi ≥ hWj ,
and are treated as the open pipes when hWi < h
W
j , that is,
when the flow is reversed, implying that the valve cannot
deliver the flow. The functionality of FCVs can thus be
modeled by (13), where qset is the setting value. The logic
to update the status of a FCV can be described by
if hWi ≥ hWj then qij(k) = qset; else viewed as a pipe
We apply the same technique for the conditional logic, and for
more details of the logic to change the status of a FCV, please
refer to [41, Appendix D]. The corresponding DAE model of
WDNs is presented next.
C. Difference algebraic equations form of WDN model
The WDN model in the previous section can be abstracted
to DAEs as (18). Define x, u, v, l, s, and o to be vectors
of appropriate dimensions listed in Tab. IV. Collecting the
mass and energy balance equations of tanks (1), junctions (3),
pipes (5), pumps (7) and valves (9), (11) and (13), we obtain
the following DAE model
DAE: x(k + 1) = Ax(k) +Buu(k) +Bvv(k) (18a)
0nj = Euu(k) +Evv(k) +Edd(k) (18b)
0nw+nm+np = Exx(k) +Ell(k) + Φ(u,v, s,o) (18c)
where A, E•, and B• are constant matrices that depend on the
WDN topology and the aforementioned hydraulics and 0n is
a zero-vector of size n. The function Φ(·) : Rnm+nw×Rnp ×
Rnm×Rng → Rnw+nm+np collects the nonlinear components
in (5), (7), (9), (11) and (13). The state-space matrices above
can be generated by our Github code [42] for any WDN.
III. MPC-BASED PROBLEM FORMULATION
This section derives an MPC-based formulation given the
derived nonlinear DAE model (18). The constraints, objective
functions, and overall problem formulation are given next.
The physical constraints pertaining to (18) can be written as
Constraints:
x(k) ∈ [xmin(k),xmax(k)], l(k) ∈ [lmin(k), lmax(k)]
u(k) ∈ [umin(k),umax(k)],v(k) ∈ [vmin(k),vmax(k)]
s(k) ∈ [0nm , smax(k)],o(k) ∈ [0ng ,1ng ] . (19)
The above constraints model upper and lower bounds on
the heads of junctions, tanks and reservoirs, pump speeds,
and flows are expressed as equations (15a)–(15f) in Tab. II.
We also assume that the relative speed of all pumps can be
modulated in the interval [0, smax]. Multiple objectives can be
applied depending on operational considerations. In this paper,
we consider three objectives expressed through
Γ1(x(k))=
{
(x(k)−xsf)>(x(k)−xsf), if x(k)≤xsf
0, otherwise
(20a)
Γ2(∆u(k)) = ∆u(k)
>∆u(k) (20b)
Γ3(l(k),u(k)) = ζ(k) ◦ (∆lM (k)) ◦ uM (k), (20c)
where Γ1(·) enforces maintaining the safety water storage
decided by the operator; xsf is a vector collecting the safety
head levels of tanks; Γ2(·) enforces the smoothness of control
actions through ∆u(k) = u(k) − u(k − 1) which stands for
the flow rate changes of controllable components from time
k− 1 to k; and Γ3(·) enforces minimization of the pump cost
at time k determined by
Γ3(k) =
∑
i,j
ρg
ηij(k)
|hMij (k)|qij(k)λ(k) (i, j) ∈M (21)
where ρ denotes the water density; g is the standard gravity
coefficient; ηij is the efficiency of pump across node i and
j and is a function of flow qij ; hMij = hi − hj and qij
are the head increase and flow provided by the pump; λ in
$/Kwh is the price of electricity. Considering a fixed λ = 1,
then Γ3 represents the energy cost of a pump as depicted
in Fig. 1 for a hypothetical example. We note that Γ3 is
nonlinear and nonconvex; Γ3 is also a function of speed as
well after substituting (7) into (21), and we can see that
maintaining a low pump speed can effectively reduce pump
costs [46]. We define ζij = ρgληij and let vector ζnm×1 collect
ζij , and we also define vectors ∆lM and uM collecting hMij
and qij (i, j) ∈M; notice that ∆lM and uM can be written in
terms of l(k) and u(k). Hence, Γ3(·) is written in matrix form
6Fig. 1: Energy consumed by pumps—an illustration.
according to (20c), where operator ◦ stands for the element-
wise product of two matrices.
We define a vector collecting all the optimization variables
from k = t0 to t0 +Hp as follows
ξ[t0] ,
{
x(k + 1),u(k), l(k),v(k), s(k),o(k)
}k=t0+Hp
k=t0
,
where Hp is the prediction horizon of the MPC. Note that the
indexing for x(k) is different in χ(k) due to the fact that the
initial conditions of the tanks x(t0) are known, unlike other
optimization variables such as the flow and the pump controls
which we need to solve for from k = t0 through k = t0 +Hp.
The weighted, multi-objective cost function can be written as
Γ(ξ[t0]) =
∑3
i=1 ωiΓi(ξ[t0]),
where ωi is the corresponding weight for Γi(ξ). Similar
objective functions have been used before in [2], [27].
It is worth noticing that conflicts exist among the objectives.
For example, the safety water level objective Γ1 tends to speed
the pump up to maintain the head in tanks, while minimizing
the pump cost objective Γ3 tries to bring the cost to 0 by
slowing pumps down and even turning pumps off.
Here, we propose using MPC to solve the WDN operation
problem considering the nonlinearities and nonconvexities
present in the energy balance equations in WDN-DAE. The
motivation for using MPC here is two-fold. First, the surge
in adopting wireless sensing technologies and water meters in
WDNs enables near real-time monitoring which can be used
to measure the WDN’s state. That is needed and useful for any
MPC routine. Second, MPC is known to handle uncertainty
in dynamic systems—a key quality that we exploit here. The
MPC can be written as
WDN-MPC min
ξ[t0]
Γ
(
ξ[t0]
∣∣∣ x(t0), {d(k)}k=t0+Hpk=t0 )
s.t. DAE (18), Constraints (19) (22)
Problem (22) is nonlinear and nonconvex due to the head
loss models of pipes and pumps. WDN-MPC solves for
flows, heads, the pump and valve controls while requiring a
prediction of the nodal water demand {d(k)}k=t0+Hpk=t0 for a
horizon of length Hp and initial tank levels x(t0). Since the
nonconvexity in the head loss models takes an exponent shape,
GP presents itself as a great alternative to solve the nonconvex
problem.
Motivated by the literature gaps discussed in Section I, we
propose a new GP-based MPC routine which is convex in the
variables, considers various kinds of valves and pumps, while
not requiring prior knowledge of water flow direction or a tree
network topology.
IV. GP MODELING OF WDNS
A basic introduction to GP is given in Appendix A with
some needed definitions and properties. First, we introduce
the conversion of the nonconvex hydraulic models in WDN-
MPC (22) to their corresponding convex, GP form.
A. Conversion of variables
Here, we propose a GP model by mapping the optimization
variable ξ[t0] in (22) into its exponential form. The conversion
helps to map all of the non-positive values into positive ones.
Specifically, we convert the head and demand at the ith node
hi and di, the flow qij , relative speed sij , and openness of
valve oij into positive values hˆi, dˆi, qˆij , sˆij , and oˆij through
exponential functions, as follows
hˆi , bhi , dˆi , bdi , qˆij , bqij , sˆij , bsij , oˆij , boij , (23)
where b = 1 + δ is a constant base and δ is a small
positive number. The variables hˆi, dˆi, qˆij , sˆij , and oˆij are
positive which can then be used to transform the nonconvex
WDN-MPC (22) into a GP. Converting the junction and
tank physical models as well as constraints—all linear in the
variables—follows from the above exponential mapping (23),
while converting the pipe, pump and valve models into GP
form is more complicated. The last two columns of Tab. II
show detailed and abstract versions of the conversions of all
physical models. The details of these conversions are discussed
in the following sections.
B. Conversion of mass and energy balance equations
For the models of tanks and junctions, the conversion
process is straightforward. After exponentiating both sides
of (1) and (3), variables qij , hi, and di are changed into qˆij , hˆi,
and dˆi, while constraints (1) and (3) are converted to monomial
equality constraints (2) and (4) in Tab. II.
In order to clearly show the derivation for pipes, the index
k is ignored at first. At time k, let hˆPij be the GP form of head
loss of a pipe, which is obtained by exponentiating both sides
of (5) as follows
hˆihˆ
−1
j = hˆ
P
ij = b
(qijR|qij |µ−1−qij+qij)
= bqij(R|qij |
µ−1−1) qˆij = CP(qij) qˆij ,
where CP(qij) = bqij(R|qij |
µ−1−1) is a function of qij .
Note the following: (a) The flow qij(k) is unknown at
each time k and the premise is to solve a series of convex
optimization problems to find the final value for each time
k. (b) Instead of qij(k), the optimization variable is qˆij , thus
CP(qij) is unknown but not a variable. The key challenge is
that qij(k) and CP(qij) are unknown but not variables, thereby
motivating the need to develop a method to find the qij(k).
The technique we mentioned in Section II-B is applied here.
At first, we can make an initial guess denoted by 〈qij〉0 for the
70th iteration (〈CP〉0 can be obtained if 〈qij〉0 is known), thus,
for the nth iteration, the corresponding values are denoted
by 〈qij〉n and 〈CP〉n. If the flow rates are close to each other
between two successive iterations, we can approximate 〈CP〉n
using 〈CP〉n−1, that is 〈CP〉n ≈ 〈CP〉n−1. Then, for each
iteration n at time k,
〈CP(k)〉n = b〈qij(k)〉n−1(R|〈qij(k)〉n−1|
µ−1−1)
can be approximated by a constant given the flow value
〈qij(k)〉n−1 from the previous iteration. With this approxi-
mation, the head loss constraint for each pipe can be written
as a monomial equality constraint
hˆi(k)hˆ
−1
j (k) = C
P(k)qˆij(k)
which is expressed as (6).
Similarly, the new variables qˆij(k) = bqij(k) and sˆij(k) =
bsij(k) for (i, j) ∈ M are introduced for pumps. Let hˆMij be
the GP form of head difference of a pump:
hˆihˆ
−1
j = hˆ
M
ij = (b
sij )−sijh0 (bqij )rq
ν−1
ij s
2−ν
ij
= (sˆij)
CM1 (qˆij)
CM2 ,
where CM1 = −sijh0 and CM2 = rqν−1ij s2−νij . Parameters
CM1 (k) and C
M
2 (k) follow a similar iterative process as C
P(k).
That is, they are treated at the nth iteration as constants based
on the flow and relative speed values at the n−1th iteration.
Hence, the approximating equation for the pump head increase
becomes the monomial equality constraint (8), where ν is a
constant parameter determined by the pump curve.
As for valves, the derivation of GPVs is the same as pipes
except a extra variable oˆij(k) = boij(k) for (i, j) ∈ W is
introduced. At time k, let hˆWij be the GP form of head loss of
a valve, which is obtained by exponentiating both sides of (9)
as follows
hˆihˆ
−1
j = hˆ
W
ij = b
(oijqijR|qij |µ−1−qij+qij)
= boij(Rqij |qij |
µ−1−qij) qˆij = (oˆij)C
W
qˆij ,
where CW(qij) = Rqij
(
|qij |µ−1 − 1
)
is a similar parameter
as the parameters in pipe and pump models. For PRVs and
FCVs, the conversion process is straightforward and equa-
tions (12) and (14) can be obtained after exponentiating both
side of (11) and (13).
Therefore, starting with an initial guess for the flow rates
and relative speeds, the constraints are approximated at every
iteration via constraints abiding by the GP form, as listed in
Tab. II. This process continues until a termination criterion is
met. The details are further discussed in Algorithm 2, after
the presentation of the abstract GP form and the conversion
of the control objectives in the next section.
C. Abstract GP model
To express the GP-based form of WDN-MPC in a compact
form, we use definitions and operators from Appendix A, and
GP version of the DAEs can be abstracted by
DAE-GP: xˆ(k + 1) = fGP(xˆ, uˆ, vˆ, lˆ, oˆ, sˆ, k), (24)
where the closed form expression of fGP(·) is given in
Appendix B. The WDN constraints (19) can be rewritten as
Constraints-GP:
xˆ(k) ∈ [xˆmin(k), xˆmax(k)], lˆ(k) ∈ [lˆmin(k), lˆmax(k)]
sˆ(k) ∈ [1nm , sˆmax(k)], oˆ(k) ∈ [1ng , bng ] (25)
uˆ(k) ∈ [uˆmin(k), uˆmax(k)], vˆ(k) ∈ [vˆmin(k), vˆmax(k)].
D. Conversion of control objectives and GP-MPC formulation
In this section, we convert the control objectives in the
nonconvex WDN-MPC to their convex, GP-based form.
1) Conversion of Γ1: In (20a), notice that x is a vec-
tor collecting the head hi at tanks. The objective (x(k) −
xsf)>(x(k)−xsf) encourages x(k) to be close to the constant
xsf . Hence, we introduce a new auxiliary variable zˆ(k) ,
bx
sf−x(k) which is pushed to be close to 1. Using the epigraph
form, the original objective function Γ1(x(k)) is replaced by
Γˆ1(zˆ(k)) =
∏nt
i=1 zˆi(k) and constraints are added as follows
Safety-GP:
zˆi(k) = xˆ
sf
i xˆ
−1
i (k), zˆi(k) ≥ 1, if xˆi ≤ xˆsfi (26a)
zˆi(k) = 1, otherwise (26b)
Where xˆsf and xˆ(k) are the GP form of xsf and x(k). If
the water level of the ith tank is below the safe level, the
corresponding constraints are zˆi(k) = xˆsfi xˆ
−1
i (k) and zˆi(k) ≥
1. These constraints force xˆi(k) close to xˆsfi , but it is possible
that the safety water level can never be reached if the flow is
limited in a certain period of time or the safety water level is
set to an unreasonable high value. Otherwise, variable zˆi(k) is
set to 1, which implies no objective function is applied at the
ith tank. Notice that constraint (26) is in conditional form, and
the technique we mentioned in Section II-B is applied again.
Hence, the condition xˆi ≤> xˆ
sf
i is checked at the end of the
previous iteration and the corresponding constraints in (26)
are applied at the current iteration.
2) Conversion of Γ2: Moving to the second part of the
objective function (20b), ∆u(k) = u(k)−u(k−1) is a vector
collecting the flow changes of controllable flow u(k) between
k and k− 1 (k ∈ [t0, t0 +Hp]). We introduce a new auxiliary
variable pˆ(k) , bu(k)−u(k−1) and perform an element-wise
exponential operation on both sides of (20b) yielding
b[u(k)−u(k−1)]
>∆u(k) = (pˆ(k))∆u(k).
Similar to the situation converting the pipe model in Sec-
tion IV-B, the uˆ(k) and uˆ(k−1) are variables, while ∆u(k) is
not a variable even though it is unknown. The current iteration
〈∆u(k)〉n can be set to the previous one 〈∆u(k)〉n−1 that
is known. Using the epigraph form, the original objective
function Γ2(∆u(k)) can be expressed as a new objective
Γˆ2(pˆ(k)) =
∏nm+nw
i=1 (pˆi(k))
∆ui(k) and nm + nw + 1 con-
straints are given as
Smoothness-GP:
pˆi(k) = uˆi(k)uˆ
−1
i (k − 1), i ∈M∪W (27a)
Γˆ2(pˆ(k)) ≥ α. (27b)
where parameter α stands for the extent of smoothness: the
smaller it is, the more smooth the objective can achieve.
83) Conversion of Γ3: The incompleteness of head gain
model introduced in Section II-B wipes the possibility to
find the optimal cost as the pump has to be always on and
cannot be off. Two possible methods to handle this issue
are the following: (a) introducing an integer variable, making
it stand for the on-off status of a pump, and forming the
overall problem as an MINLP; or (b) instead of using the
cost of pumps as an objective function, we develop a heuristic
algorithm which turns part or all of the pumps off and
calculates the total cost of pumps by (20c) after each iteration.
Given the above derivations, the final GP form of multi-
objective cost function can be rewritten as
Γˆ(zˆ(k), pˆ(k)) = Γˆ1(zˆ(k)) + ωΓˆ2(pˆ(k)), (28)
where Γˆ(zˆ(k), pˆ(k)) is a posynomial function and ω is a
weight reflecting the preference of the WDN operator.
The convex GP-based MPC can now be expressed as
GP-MPC min
ξˆ[t0]
zˆ(k),pˆ(k)
Γˆ
(
zˆ(k), pˆ(k)
∣∣∣∣ xˆ(t0),{dˆ(k)}k=t0+Hp
k=t0
)
s.t.DAE-GP (24),Constraints-GP (25) (29)
Safety-GP (26), Smoothness-GP (27).
In (29), two sets of optimization variables are included. The
first set comprises xˆ, lˆ, uˆ, vˆ, sˆ, and oˆ which are collected in
variable ξˆ[t0]. The second set includes the auxiliary variables
zˆ and pˆ introduced before. Notice that the flow qˆij is an
optimization variable while qij is not in GP-MPC, but a value
used to calculate CP(k), CM1 (k), C
M
2 (k) , and C
W(k). The
detailed GP constraints are given in Tab. II.
GP-MPC is convex, and similar to MPC-WDN both can
be infeasible when some parameters are physically unrea-
sonable, e.g., the demand is too high or the pumps are not
powerful enough to provide enough flow for all nodes in the
network. The next section proposes a real-time algorithm to
manage WDN and control pumps and valves.
V. REAL-TIME MANAGEMENT OF WDNS
The control architecture is presented in Fig. 2. First, we
compute the state-space DAE matrices, build the GP model of
WDNs and solve the GP-MPC after analyzing the source file
(.inp is the input file for EPANET software). After obtaining
the solution ξˆfinal at t0, the control action is applied to the
WDN via EPANET. The WDN state as well as more accurate
demand signals are then obtained. The routine details are also
given in Algorithm 1 which calls Algorithm 2. Algorithm 1
is tailored to the case where each pump is associated with a
tank and vice versa, which is a typical arrangement in water
distribution networks; we denote the association as pump-tank
pair meaning PumpIndex = pair(TankIndex).
The flow through pipes, valves, and pumps and the head at
nodes in WDNs can be solved when water demand forecasts,
the statuses of pumps and valves, and the water level in tanks
are given. However, the valve and pump control problems are
challenging as the statuses of pumps and valves are variables.
To address this, we consider the following: (a) PRVs and FCVs
can adjust their status automatically if their previous statuses
Start
Source file (.inp file), demand
forecast dˆ, electricity price λ
Build GP form in Tab. II
Obtain solution
ξˆfinal by GP solver
s(t0) = logb sˆ(t0), o(t0) = logb oˆ(t0)
EPANET software
Obtain new network
status (forcast demand
dˆ, tank water level)
Real demand d
Apply s(t0) and o(t0)
Fig. 2: General steps of GP-based MPC algorithm for WDNs.
Algorithm 1: GP-based MPC for WDN Operations.
Input: .inp source file, xˆ(t0), demand forecast
{dˆ(k)}k=t0+Hpk=t0 , electricity price {λ(k)}
k=t0+Hp
k=t0
Output: s(t0), o(t0) // valve and pump control signals
1 Set t0 = 1
2 while t0 ≤ Tfinal do
3 Solve GP-MPC by Algorithm 2 for ξˆfinal
4 Extract speed sˆ(t0) and openness oˆ(t0) from ξˆfinal
5 Compute s(t0) = logb sˆ(t0) and o(t0) = logb oˆ(t0)
6 Apply s(t0), o(t0) to the water network through EPANET
7 Shift to the next window by setting t0 = t0 + 1
8 end while
and current head and flow are given as we mentioned in
Section II-A. Our algorithm calculates snapshots of hydraulic
states in WDNs at each iteration, and then the statues of all the
controlled PRVs and FCVs are updated according to the solved
solution. As for GPVs, we assume that GPVs are always on
(although openness variable o(k) can be very close to zero),
and the openness of a GPV can be obtained by Algorithm 2.
(b) The statuses of pumps are determined by the binary search
part in Algorithm 2.
Algorithm 2 is developed to search for smaller operational
cost by turning pumps on/off for a single optimization window.
The search steps are similar to the general binary search al-
gorithm [47] and the search window is defined as [left, right],
which is initialized as left = 0 and right = Hp. We define
m as the maximum number of time slots within the search
window where any given pump is turned off. The initial m
is set to 0 indicating no pump is turned off at first, and
the solution ξˆ0 and cost Cost0 can be solved and saved.
The variable Nfail records the number of tanks that reach
unsafe water levels across time periods in the window and
is saved as Nfail save when m = 0. If the number increases
(Nfail > Nfail save) when m 6= 0, indicating that more safety
water levels fail due to more pumps being turned off, we
denote this situation by setting fail = 1 and the window is
updated by right = m, otherwise, it is updated as left = m.
Detailed examples are given in Section VI.
After the number of time periods m is determined by the
binary search, the key is to determine in which m time periods
the pumps should be turned off so that the objectives can be
reached while minimizing costs. A simple strategy is turning
off the pumps in the top m expensive time slots according to
9Algorithm 2: GP algorithm and binary search.
Input: Algorithm 1 inputs
Output: ξˆfinal[t0]
1 Initialize left = 0, right = Hp, m = 0
2 while left < right− 1 do
3 Initialize n = 0 and parameters 〈ξˆ〉0
4 while error ≥ threshold OR n ≤ maxIter do
5 n = n+ 1
6 for k ∈ {t0, . . . , t0 +Hp} do
7 PumpIndex = []
8 for i ∈ T do
9 if xˆi(k) ≥ xˆsfi then
10 PumpIndex = [PumpIndex; pair(i)]
11 end if
12 end for
13 Put time slot k and PumpIndex into cell
TurnOff
14 end for
15 Select and pre-turn off pumps in top m expensive
time-slots from candidate cell TurnOff
16 Obtain 〈CP〉n,〈CM1 〉n,〈CM2 〉n, 〈CW〉n from 〈ξˆ〉n−1
17 Update valve status by logic from Section II-A
18 Generate constraints (24)–(27), objectives (28)
19 Solve GP-MPC (29) for ξˆn, set Nfail = 0
20 for k ∈ {t0, . . . , t0 +Hp} do
21 for i ∈ T do
22 if xˆi(k) < xˆsfi , i ∈ T then
23 Nfail = Nfail + 1
24 end if
25 end for
26 end for
27 if m = 0 then
28 Nfail save = Nfail
29 end if
30 if Nfail > Nfail save then
31 fail = 1; break
32 end if
33 fail = 0, error = norm(ξˆn − ξˆn−1)
34 Compute pump cost Cost (20c), set ξˆn−1 = ξˆn
35 end while
36 Save Cost and ξˆn into SavedSolution
37 if fail = 0 then
38 left = m
39 else
40 right = m
41 end if
42 m = round((left + right)/2)
43 end while
44 Find the smallest Cost and corresponding ξˆn from
SavedSolution, let ξˆfinal = ξˆn
the electricity price λ, and the time slot should be excluded if
the safety water level is still unreached or xˆi(k) < xˆsfi .
During all prediction horizons, the on-off statuses of pumps
are viewd as known (a pump is off in m slots and on
in Hp −m slots). The next step is to find the solution
ξˆfinal when m is fixed. As the technique we mentioned in
Section II-B is applied here again, the notation 〈qij(k)〉n
stands for the nth iteration value of qij at time k. We use
the same notation system during iterations, e.g., 〈ξˆ〉n is the
nth iterate value of ξˆ. We initialize the flow 〈uˆ(k)〉0 and
〈vˆ(k)〉0 in 〈ξˆ(k)〉0, k ∈ [t0, t0 + Hp] with historical average
flows in the pipes and pumps, and both 〈sˆ(k)〉0 and 〈oˆ(k)〉0
are set to 1. The parameters 〈CP(k)〉1, 〈CM1 (k)〉1,〈CM2 (k)〉1,
and 〈CW(k)〉1 are then calculated according to Section IV-B,
and all of the constraints and objectives can be automatically
generated for different WDNs.
After solving (29) and obtaining the current solution ξˆn
and the iteration error, we set ξˆn as the initial value for next
iteration by assigning ξˆn−1 = ξˆn. In addition, we define the
error as the distance between current solution ξˆn and previous
solution ξˆn−1. The iteration continues until the error is less
than a predefined error threshold (threshold) or a maximum
number of iterations (maxIter) is reached. During iterations,
the total pump cost of each iteration Cost is also saved. This
heuristic is faithful to the intricacies of WDN constraints and
pump/valve modeling, does not use integer variables, and its
main effort amounts to solving scalable GPs.
It is worth emphasizing that a solution produced from the
successive iterations enclosed between lines 4 through 35 in
Algorithm 2 is guaranteed to be feasible for problem (22),
as long as the while loop in line 4 is exited due to the
condition that the distance between two successive iterates
‖ξˆn−1−ξˆn‖ is below a threshold. The feasibility follows from
the construction of the monomial equality constraints in Sec-
tion IV-B. In the vast majority of our numerical experiments,
and for an array of different initializations of the algorithm,
the condition on the proximity of two successive iterates was
indeed satisfied, yielding no issues with the feasibility of the
proposed control schedule for the WDN.
VI. CASE STUDY 1: THE BWSN WDN
We present testcases to illustrate the applicability of the
GP-based MPC formulation. The considered testcase is the
126-node, Battle of the Water Sensor Network (BWSN) [39],
[40], which is used to test the scaliblity of propsed approach.
This network has one reservoir, two tanks, two pumps, eight
PRVs, and 126 demand junctions. The parameters used in the
study, the forecast and actual water demand curves, variable-
speed pump curves, and the topology of BWSN are all shown
in Appendix C and Fig. 8. We note that the GP-based MPC
only requires a forecast of the water demand, and the proposed
algorithms are tested through EPANET considering a demand
slightly different from the forecast (see Appendix C). The
source code and the numerical results presented here can
all be found in [42] via www.github.com/ShenWang9202/
GP-Based-MPC-4-WDNs.
This section presents the results after running Algorithms 1
and 2. First, notice that Pumps 170 and 172 are designed to
provide flow and head gain to the overall network, and when
the demand is met, the surplus water is pumped into Tanks
130 and 131 (see Fig. 8). Specifically, Pump 172 controls the
water level in Tank 130, while Pump 170 can increase the
water level in Tank 131 (Pump 172 is paired with Tank 130,
Pump 170 is paired with Tank 131).
Fig. 3 shows the control effort (the variable pump speed),
the water level of tanks, price pattern, cost of pumps and
flow of PRVs for t0 = 1, . . . , 24. For each t0, Algorithm 2
is applied to search for the relative lower cost and the output
speed of pumps are solved and applied to next t0. Notice that,
Pump 172 is turned off during time period [2, 3] when the
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(a) Relative speed of Pump 172 and controlled water level of Tank 130.
(b) Relative speed of Pump 170 and controlled water level of Tank 131.
(c) Flow of PRVs.
Fig. 3: Relative speed of pumps, controlled water level of tanks,
price pattern, cost of pumps, and flow of PRVs for Tfinal = 24.
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Fig. 4: Possible paths searching for lower cost at t0 = 2.
electricity price is relatively high and the water level of Tank
130 is above its safety level in Fig. 3(a) and in Fig. 3(b),
Pump 170 with relative speed s = 1 pumps water into Tank
131 in order to meet the safety water level objective Γ1 during
time period [1, 8]. During time period [9, 11], the speed of both
pumps slows down to approximately 0.8 to reduce cost. During
time period [12, 13], Pump 170 switches speed between 0.8
and 1 to maintain safety water level causing the fluctuation of
speed of Pump 172. Pump 172 is off after the stored water
in Tank 130 is enough to deal with the estimated demand
in network, while Pump 170 switches between on and off to
maintain the safety water level to save energy during time
period [14, 24].
As for valve controls, and instead of the openness o, the
optimization variables of a PRV are the head at both ends and
flow through it. The PRV status is changed using mechanical
principles via logic (17). In Fig. 3(c), we plot the flow changes
of two PRVs. From the positive value of flow of PRVs, we
can tell PRVs are not closed, and the statuses of PRV 177 and
PRV 175 can be determined as ACTIVE [cf. (17)].
We now present an illustration for lower cost search at t0 =
2 in Fig. 4 which shows all of the possible iteration paths—
the solid blue line is the selected path at t0 = 2. According
to Algorithm 2, the number of time slots to pre-turn off m is
0 meaning no pump is turned off, and the solution is saved.
Then m is set to 3 when [left, right] = [0, Hp] and Hp = 6.
Notice that the safety water level in Tank 131 is not reached
yet during window [0, 6], hence, the paired pump index 170 at
Tab. V: Selection of m time slots out of search window according
to electricity price.
Electricity price ($/Kwh) 1.15 1 1 1.025 1.15 1.35
Time slot 1 2 3 4 5 6
m = 3
Pump 172 off on on on off off
Pump 170 on on on on on on
m = 5
Pump 172 off on off off off off
Pump 170 on on on on on on
(a) m = 3
(b) m = 5
Fig. 5: Network status after pumps in m time periods are turned off
when t0 = 2.
corresponding time slots should be excluded, and only Pump
172 is in array PumpIndex. The cell TurnOff in Algorithm 2
is shown as below:
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<latexit sha1_base64="DEHhQ8yPmMAzMKZeIOc4na3gc6Y=">AAACRHicbVBNS8MwGE79nPWr6tFLcAieRjuQeRx68T jBfUBbRppmW1ialiQVRumP8+IP8OYv8OJBEa9i1pU5Nx8IPO/zvs+b5AkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD3pr8g=</latexit><latexit sha1_base64="DEHhQ8yPmMAzMKZeIOc4na3gc6Y=">AAACRHicbVBNS8MwGE79nPWr6tFLcAieRjuQeRx68T jBfUBbRppmW1ialiQVRumP8+IP8OYv8OJBEa9i1pU5Nx8IPO/zvs+b5AkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD3pr8g=</latexit><latexit sha1_base64="DEHhQ8yPmMAzMKZeIOc4na3gc6Y=">AAACRHicbVBNS8MwGE79nPWr6tFLcAieRjuQeRx68T jBfUBbRppmW1ialiQVRumP8+IP8OYv8OJBEa9i1pU5Nx8IPO/zvs+b5AkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD3pr8g=</latexit><latexit sha1_base64="DEHhQ8yPmMAzMKZeIOc4na3gc6Y=">AAACRHicbVBNS8MwGE79nPWr6tFLcAieRjuQeRx68T jBfUBbRppmW1ialiQVRumP8+IP8OYv8OJBEa9i1pU5Nx8IPO/zvs+b5AkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD3pr8g=</latexit>
6
[172]
<latexit sha1_base64="CivgUcLvhreqny21h9gsnb23/Gs=">AAACRHicbVC7TsMwFHV4lvAKMLJYVEhMVdKBMlawMB aJPqQkqhzHba06TmQ7SFWUj2PhA9j4AhYGEGJFuGlUSsuRLJ177j3X9gkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD+fr8k=</latexit><latexit sha1_base64="CivgUcLvhreqny21h9gsnb23/Gs=">AAACRHicbVC7TsMwFHV4lvAKMLJYVEhMVdKBMlawMB aJPqQkqhzHba06TmQ7SFWUj2PhA9j4AhYGEGJFuGlUSsuRLJ177j3X9gkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD+fr8k=</latexit><latexit sha1_base64="CivgUcLvhreqny21h9gsnb23/Gs=">AAACRHicbVC7TsMwFHV4lvAKMLJYVEhMVdKBMlawMB aJPqQkqhzHba06TmQ7SFWUj2PhA9j4AhYGEGJFuGlUSsuRLJ177j3X9gkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD+fr8k=</latexit><latexit sha1_base64="CivgUcLvhreqny21h9gsnb23/Gs=">AAACRHicbVC7TsMwFHV4lvAKMLJYVEhMVdKBMlawMB aJPqQkqhzHba06TmQ7SFWUj2PhA9j4AhYGEGJFuGlUSsuRLJ177j3X9gkSRqWy7RdjbX1jc2u7smPu7u0fHFpHxx0ZpwKTNo5ZLHoBkoRRTtqKKkZ6iSAoChjpBuObab/7QISkMb9Xk4T4ERpyOqAYKS31LdcLyJDyTCHtyF3f/K1ThkSe4QK5eQkX4 Hlm5uZOo575uekRHs7n55Xe1reqds0uAFeJU5IqKNHqW89eGOM0IlxhhqR0HTtRfoaEoljvM71UkgThMRoSV1OOIiL9rAghh+daCeEgFvpwBQt10ZGhSMpJFOjJCKmRXO5Nxf96bqoGV35GeZIqwvHsokHKoIrhNFEYUkGwYhNNEBZUvxXiERIIK52 7qUNwlr+8Sjr1mmPXnLt6tXldxlEBp+AMXAAHNEAT3IIWaAMMHsEreAcfxpPxZnwaX7PRNaP0nIA/ML5/AD+fr8k=</latexit>
,
<latexit sha1_base64="9pzIOpxyojBPL+IUjdvYCNhrDvo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCBwm7XvQY9O IxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79Cr/Dmzc/xcnjoIkFDUVVN91dQSK4Nq775eRWVtfWN/Kbha3tnd294v5BQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDm4nffECleSzvzChBP6J9yUPOqLFS7bxbLLlldwqyTLw5KVWOP2rfAFDtFj87v ZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n00PHZNTq/RIGCtb0pCp+nsio5HWoyiwnRE1A73oTcT/vHZqwis/4zJJDUo2WxSmgpiYTL4mPa6QGTGyhDLF7a2EDaiizNhsCjYEb/HlZdK4KHtu2avZNK5hhjwcwQmcgQeXUIFbqEIdGCA 8wjO8OPfOk/PqvM1ac8585hD+wHn/AYHDjvE=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="ux9R/4tUNNLKpLuJLBsSCOMAofg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpZBG8 sEzAckR9jbzCVr9vaO3T0hHPkFNhaK2PqT7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQr Xuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7euq51a9plup3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDo vzrvzsWwtOPnMKfyB8/kDccmMrA==</latexit>
,
<latexit sha1_base64="9pzIOpxyojBPL+IUjdvYCNhrDvo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCBwm7XvQY9O IxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79Cr/Dmzc/xcnjoIkFDUVVN91dQSK4Nq775eRWVtfWN/Kbha3tnd294v5BQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDm4nffECleSzvzChBP6J9yUPOqLFS7bxbLLlldwqyTLw5KVWOP2rfAFDtFj87v ZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n00PHZNTq/RIGCtb0pCp+nsio5HWoyiwnRE1A73oTcT/vHZqwis/4zJJDUo2WxSmgpiYTL4mPa6QGTGyhDLF7a2EDaiizNhsCjYEb/HlZdK4KHtu2avZNK5hhjwcwQmcgQeXUIFbqEIdGCA 8wjO8OPfOk/PqvM1ac8585hD+wHn/AYHDjvE=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="ux9R/4tUNNLKpLuJLBsSCOMAofg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpZBG8 sEzAckR9jbzCVr9vaO3T0hHPkFNhaK2PqT7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQr Xuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7euq51a9plup3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDo vzrvzsWwtOPnMKfyB8/kDccmMrA==</latexit>
,
<latexit sha1_base64="9pzIOpxyojBPL+IUjdvYCNhrDvo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCBwm7XvQY9O IxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79Cr/Dmzc/xcnjoIkFDUVVN91dQSK4Nq775eRWVtfWN/Kbha3tnd294v5BQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDm4nffECleSzvzChBP6J9yUPOqLFS7bxbLLlldwqyTLw5KVWOP2rfAFDtFj87v ZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n00PHZNTq/RIGCtb0pCp+nsio5HWoyiwnRE1A73oTcT/vHZqwis/4zJJDUo2WxSmgpiYTL4mPa6QGTGyhDLF7a2EDaiizNhsCjYEb/HlZdK4KHtu2avZNK5hhjwcwQmcgQeXUIFbqEIdGCA 8wjO8OPfOk/PqvM1ac8585hD+wHn/AYHDjvE=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="ux9R/4tUNNLKpLuJLBsSCOMAofg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpZBG8 sEzAckR9jbzCVr9vaO3T0hHPkFNhaK2PqT7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQr Xuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7euq51a9plup3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDo vzrvzsWwtOPnMKfyB8/kDccmMrA==</latexit>
,
<latexit sha1_base64="9pzIOpxyojBPL+IUjdvYCNhrDvo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCBwm7XvQY9O IxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79Cr/Dmzc/xcnjoIkFDUVVN91dQSK4Nq775eRWVtfWN/Kbha3tnd294v5BQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDm4nffECleSzvzChBP6J9yUPOqLFS7bxbLLlldwqyTLw5KVWOP2rfAFDtFj87v ZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n00PHZNTq/RIGCtb0pCp+nsio5HWoyiwnRE1A73oTcT/vHZqwis/4zJJDUo2WxSmgpiYTL4mPa6QGTGyhDLF7a2EDaiizNhsCjYEb/HlZdK4KHtu2avZNK5hhjwcwQmcgQeXUIFbqEIdGCA 8wjO8OPfOk/PqvM1ac8585hD+wHn/AYHDjvE=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="ux9R/4tUNNLKpLuJLBsSCOMAofg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpZBG8 sEzAckR9jbzCVr9vaO3T0hHPkFNhaK2PqT7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQr Xuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7euq51a9plup3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDo vzrvzsWwtOPnMKfyB8/kDccmMrA==</latexit>
,
<latexit sha1_base64="9pzIOpxyojBPL+IUjdvYCNhrDvo=">AAAB6HicbVDLSgNBEOyNrxhfUY96GAyCBwm7XvQY9O IxAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79Cr/Dmzc/xcnjoIkFDUVVN91dQSK4Nq775eRWVtfWN/Kbha3tnd294v5BQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDm4nffECleSzvzChBP6J9yUPOqLFS7bxbLLlldwqyTLw5KVWOP2rfAFDtFj87v ZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n00PHZNTq/RIGCtb0pCp+nsio5HWoyiwnRE1A73oTcT/vHZqwis/4zJJDUo2WxSmgpiYTL4mPa6QGTGyhDLF7a2EDaiizNhsCjYEb/HlZdK4KHtu2avZNK5hhjwcwQmcgQeXUIFbqEIdGCA 8wjO8OPfOk/PqvM1ac8585hD+wHn/AYHDjvE=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="y2s07tUw93W7HXxs9N/SsznyrYk=">AAAB6HicbVA9SwNBEJ2LXzF+RS0VWQyChYQ7Gy2DNp YJmA9IjrC3mUvW7O0du3tCCCmtbCwUsfVX5HfY+Rv8E24SC018MPB4b4aZeUEiuDau++lklpZXVtey67mNza3tnfzuXk3HqWJYZbGIVSOgGgWXWDXcCGwkCmkUCKwH/euJX79HpXksb80gQT+iXclDzqixUuWsnS+4RXcKski8H1IoHY4rXw9H43I7/ 9HqxCyNUBomqNZNz02MP6TKcCZwlGulGhPK+rSLTUsljVD7w+mhI3JilQ4JY2VLGjJVf08MaaT1IApsZ0RNT897E/E/r5ma8NIfcpmkBiWbLQpTQUxMJl+TDlfIjBhYQpni9lbCelRRZmw2ORuCN//yIqmdFz236FVsGlcwQxYO4BhOwYMLKMENlKE KDBAe4RlenDvnyXl13matGednZh/+wHn/BmAIkFc=</latexit><latexit sha1_base64="ux9R/4tUNNLKpLuJLBsSCOMAofg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgIeHOJpZBG8 sEzAckR9jbzCVr9vaO3T0hHPkFNhaK2PqT7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNM7uZ+5wmV5rF8MNME/YiOJA85o8ZKzatBueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQr Xuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7euq51a9plup3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDo vzrvzsWwtOPnMKfyB8/kDccmMrA==</latexit>
{
<latexit sha1_base64="tznGwoUYXqVedckVafGlvPdJXec=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKezmoseAF4 8xmAdklzA76U2GzM4uM7NCWPIHXjwo4tUf8Ru8+TdOHgdNLGgoqrrp7gpTwbVx3W+nsLG5tb1T3C3t7R8cHpWPT9o6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnHN/O/M4jKs0T+WAmKQYxHUoecUaNlZp+3i9X3Ko7B1kn3pJU6jX/8hMAGv3ylz9IW BajNExQrXuem5ogp8pwJnBa8jONKWVjOsSepZLGqIN8fumUXFhlQKJE2ZKGzNXfEzmNtZ7Eoe2MqRnpVW8m/uf1MhPdBDmXaWZQssWiKBPEJGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXirL6+Tdq3quVXv3qbRhAWKcAbncAUeXEMd7qABLWAQwRO 8wKszdp6dN+d90VpwljOn8AfOxw/s348m</latexit><latexit sha1_base64="iv2VxvaYx44u/h2P7VNBBKvB/CY=">AAAB6XicbVDJSgNBEK1xjXFJ1KOXxuByCjO56DHgxW MMZoFkCD2dmqRJT8/Q3SOEIX/gxYMiXv0W8e7Nv7GzHDTxQcHjvSqq6gWJ4Nq47reztr6xubWd28nv7u0fFIqHR00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6mfusBleaxvDfjBP2IDiQPOaPGSvVu1iuW3LI7A1kl3oKUqpXuxefHeaHWK351+ zFLI5SGCap1x3MT42dUGc4ETvLdVGNC2YgOsGOppBFqP5tdOiFnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrZm4r/eZ3UhNd+xmWSGpRsvihMBTExmb5N+lwhM2JsCWWK21sJG1JFmbHh5G0I3vLLq6RZKXtu2buzadRhjhycwClcggdXUIVbqEEDGIT wCM/w4oycJ+fVeZu3rjmLmWP4A+f9B0UXkCc=</latexit><latexit sha1_base64="iv2VxvaYx44u/h2P7VNBBKvB/CY=">AAAB6XicbVDJSgNBEK1xjXFJ1KOXxuByCjO56DHgxW MMZoFkCD2dmqRJT8/Q3SOEIX/gxYMiXv0W8e7Nv7GzHDTxQcHjvSqq6gWJ4Nq47reztr6xubWd28nv7u0fFIqHR00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6mfusBleaxvDfjBP2IDiQPOaPGSvVu1iuW3LI7A1kl3oKUqpXuxefHeaHWK351+ zFLI5SGCap1x3MT42dUGc4ETvLdVGNC2YgOsGOppBFqP5tdOiFnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrZm4r/eZ3UhNd+xmWSGpRsvihMBTExmb5N+lwhM2JsCWWK21sJG1JFmbHh5G0I3vLLq6RZKXtu2buzadRhjhycwClcggdXUIVbqEEDGIT wCM/w4oycJ+fVeZu3rjmLmWP4A+f9B0UXkCc=</latexit><latexit sha1_base64="YSL151vdccgw9HzxX6dgXf4CUJA=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbyx jMByRH2NvsJUt2947dOSEc+Qc2ForY+o/s/Ddukis08cHA470ZZuZFqRQWff/b29jc2t7ZLe2V9w8Oj44rJ6dtm2SG8RZLZGK6EbVcCs1bKFDybmo4VZHknWhyN/c7T9xYkehHnKY8VHSkRSwYRSc1+/mgUvVr/gJknQQFqUKBxqDy1R8mLFNcI5PU2 l7gpxjm1KBgks/K/czylLIJHfGeo5oqbsN8cemMXDplSOLEuNJIFurviZwqa6cqcp2K4tiuenPxP6+XYXwb5kKnGXLNloviTBJMyPxtMhSGM5RTRygzwt1K2JgaytCFU3YhBKsvr5P2dS3wa8GDX603izhKcA4XcAUB3EAd7qEBLWAQwzO8wps38V6 8d+9j2brhFTNn8Afe5w+fFI1x</latexit>
}
<latexit sha1_base64="G3TRFIsdkj4dp5ppqbfca2uFVlI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKezmoseAF4 8xmAdklzA76U2GzM4uM7NCWPIHXjwo4tUf8Ru8+TdOHgdNLGgoqrrp7gpTwbVx3W+nsLG5tb1T3C3t7R8cHpWPT9o6yRTDFktEoroh1Si4xJbhRmA3VUjjUGAnHN/O/M4jKs0T+WAmKQYxHUoecUaNlZr+tF+uuFV3DrJOvCWp1Gv+5ScANPrlL3+Qs CxGaZigWvc8NzVBTpXhTOC05GcaU8rGdIg9SyWNUQf5/NIpubDKgESJsiUNmau/J3Iaaz2JQ9sZUzPSq95M/M/rZSa6CXIu08ygZItFUSaIScjsbTLgCpkRE0soU9zeStiIKsqMDadkQ/BWX14n7VrVc6vevU2jCQsU4QzO4Qo8uIY63EEDWsAggid 4gVdn7Dw7b877orXgLGdO4Q+cjx/v548o</latexit><latexit sha1_base64="tZj1F9Si2/TFFeyv8lDUrW9Xbek=">AAAB6XicbVDJSgNBEK1xjXFJ1KOXxuByCjO56DHgxW MMZoFkCD2dmqRJT8/Q3SOEIX/gxYMiXv0W8e7Nv7GzHDTxQcHjvSqq6gWJ4Nq47reztr6xubWd28nv7u0fFIqHR00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6mfusBleaxvDfjBP2IDiQPOaPGSvXupFcsuWV3BrJKvAUpVSvdi8+P80KtV/zq9 mOWRigNE1Trjucmxs+oMpwJnOS7qcaEshEdYMdSSSPUfja7dELOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWyNxX/8zqpCa/9jMskNSjZfFGYCmJiMn2b9LlCZsTYEsoUt7cSNqSKMmPDydsQvOWXV0mzUvbcsndn06jDHDk4gVO4BA+uoAq3UIMGMAj hEZ7hxRk5T86r8zZvXXMWM8fwB877D0gfkCk=</latexit><latexit sha1_base64="tZj1F9Si2/TFFeyv8lDUrW9Xbek=">AAAB6XicbVDJSgNBEK1xjXFJ1KOXxuByCjO56DHgxW MMZoFkCD2dmqRJT8/Q3SOEIX/gxYMiXv0W8e7Nv7GzHDTxQcHjvSqq6gWJ4Nq47reztr6xubWd28nv7u0fFIqHR00dp4phg8UiVu2AahRcYsNwI7CdKKRRILAVjG6mfusBleaxvDfjBP2IDiQPOaPGSvXupFcsuWV3BrJKvAUpVSvdi8+P80KtV/zq9 mOWRigNE1Trjucmxs+oMpwJnOS7qcaEshEdYMdSSSPUfja7dELOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWyNxX/8zqpCa/9jMskNSjZfFGYCmJiMn2b9LlCZsTYEsoUt7cSNqSKMmPDydsQvOWXV0mzUvbcsndn06jDHDk4gVO4BA+uoAq3UIMGMAj hEZ7hxRk5T86r8zZvXXMWM8fwB877D0gfkCk=</latexit><latexit sha1_base64="qA7ThIF3iMZLzKwYk7z7dc1p8ME=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbyx jMByRH2NvsJUt2947dOSEc+Qc2ForY+o/s/Ddukis08cHA470ZZuZFqRQWff/b29jc2t7ZLe2V9w8Oj44rJ6dtm2SG8RZLZGK6EbVcCs1bKFDybmo4VZHknWhyN/c7T9xYkehHnKY8VHSkRSwYRSc1+7NBperX/AXIOgkKUoUCjUHlqz9MWKa4Riapt b3ATzHMqUHBJJ+V+5nlKWUTOuI9RzVV3Ib54tIZuXTKkMSJcaWRLNTfEzlV1k5V5DoVxbFd9ebif14vw/g2zIVOM+SaLRfFmSSYkPnbZCgMZyinjlBmhLuVsDE1lKELp+xCCFZfXift61rg14IHv1pvFnGU4Bwu4AoCuIE63EMDWsAghmd4hTdv4r1 4797HsnXDK2bO4A+8zx+iHI1z</latexit>
 
<latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit><latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit><latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit><latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit>
 
<latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit><latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit><latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit><latexit sha1_base64="FYZFHCTaS530RP+zMRLZYSnl794=">AAAB83icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0TKghW UE8wG5I+xt9pIle3vH7pwSQv6GjYUitv4ZO/+Nm+QKTXww8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM95iiUx0N6SGS6F4CwVK3k01p3EoeScc38z9ziPXRiTqAScpD2I6VCISjKKV/KoveYRU6+Sp2i9X3Jq7AFknXk4qkKPZL3/5g 4RlMVfIJDWm57kpBlOqUTDJZyU/MzylbEyHvGepojE3wXRx84xcWGVAokTbUkgW6u+JKY2NmcSh7YwpjsyqNxf/83oZRtfBVKg0Q67YclGUSYIJmQdABkJzhnJiCWVa2FsJG1FNGdqYSjYEb/XlddKu1zy35t3XK43bPI4inME5XIIHV9CAO2hCCxi k8Ayv8OZkzovz7nwsWwtOPnMKf+B8/gCn35Fs</latexit>
1
[172]
<latexit sha1_base64="Y3x8+ogjmCuWX8l11fjzAY4K9jw=">AAACRHicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmO21p1nMh2kKooH8fCB7DxBSwMIMSKcNOolJYjWTr33Huu7RMkjEpl2y9GZWNza3unumvu7R8cHlnHJ10ZpwKTDo5ZLPoBkoRRTjqKKkb6iSAoChjpBZObWb/3QISkMb9X04T4ERpxOqQYKS0NLNcLyIjyTCHtyF3f/K1ThkSe4QK56cAle J6ZubnTbGR+bnqEh4v5RaW3DayaXbcLwHXilKQGSrQH1rMXxjiNCFeYISldx06UnyGhKNb7TC+VJEF4gkbE1ZSjiEg/K0LI4YVWQjiMhT5cwUJddmQoknIaBXoyQmosV3sz8b+em6rhlZ9RnqSKcDy/aJgyqGI4SxSGVBCs2FQThAXVb4V4jATCSud u6hCc1S+vk26j7th1565Ra12XcVTBGTgHl8ABTdACt6ANOgCDR/AK3sGH8WS8GZ/G13y0YpSeU/AHxvcPNxGvxA==</latexit><latexit sha1_base64="Y3x8+ogjmCuWX8l11fjzAY4K9jw=">AAACRHicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmO21p1nMh2kKooH8fCB7DxBSwMIMSKcNOolJYjWTr33Huu7RMkjEpl2y9GZWNza3unumvu7R8cHlnHJ10ZpwKTDo5ZLPoBkoRRTjqKKkb6iSAoChjpBZObWb/3QISkMb9X04T4ERpxOqQYKS0NLNcLyIjyTCHtyF3f/K1ThkSe4QK56cAle J6ZubnTbGR+bnqEh4v5RaW3DayaXbcLwHXilKQGSrQH1rMXxjiNCFeYISldx06UnyGhKNb7TC+VJEF4gkbE1ZSjiEg/K0LI4YVWQjiMhT5cwUJddmQoknIaBXoyQmosV3sz8b+em6rhlZ9RnqSKcDy/aJgyqGI4SxSGVBCs2FQThAXVb4V4jATCSud u6hCc1S+vk26j7th1565Ra12XcVTBGTgHl8ABTdACt6ANOgCDR/AK3sGH8WS8GZ/G13y0YpSeU/AHxvcPNxGvxA==</latexit><latexit sha1_base64="Y3x8+ogjmCuWX8l11fjzAY4K9jw=">AAACRHicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmO21p1nMh2kKooH8fCB7DxBSwMIMSKcNOolJYjWTr33Huu7RMkjEpl2y9GZWNza3unumvu7R8cHlnHJ10ZpwKTDo5ZLPoBkoRRTjqKKkb6iSAoChjpBZObWb/3QISkMb9X04T4ERpxOqQYKS0NLNcLyIjyTCHtyF3f/K1ThkSe4QK56cAle J6ZubnTbGR+bnqEh4v5RaW3DayaXbcLwHXilKQGSrQH1rMXxjiNCFeYISldx06UnyGhKNb7TC+VJEF4gkbE1ZSjiEg/K0LI4YVWQjiMhT5cwUJddmQoknIaBXoyQmosV3sz8b+em6rhlZ9RnqSKcDy/aJgyqGI4SxSGVBCs2FQThAXVb4V4jATCSud u6hCc1S+vk26j7th1565Ra12XcVTBGTgHl8ABTdACt6ANOgCDR/AK3sGH8WS8GZ/G13y0YpSeU/AHxvcPNxGvxA==</latexit><latexit sha1_base64="Y3x8+ogjmCuWX8l11fjzAY4K9jw=">AAACRHicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmO21p1nMh2kKooH8fCB7DxBSwMIMSKcNOolJYjWTr33Huu7RMkjEpl2y9GZWNza3unumvu7R8cHlnHJ10ZpwKTDo5ZLPoBkoRRTjqKKkb6iSAoChjpBZObWb/3QISkMb9X04T4ERpxOqQYKS0NLNcLyIjyTCHtyF3f/K1ThkSe4QK56cAle J6ZubnTbGR+bnqEh4v5RaW3DayaXbcLwHXilKQGSrQH1rMXxjiNCFeYISldx06UnyGhKNb7TC+VJEF4gkbE1ZSjiEg/K0LI4YVWQjiMhT5cwUJddmQoknIaBXoyQmosV3sz8b+em6rhlZ9RnqSKcDy/aJgyqGI4SxSGVBCs2FQThAXVb4V4jATCSud u6hCc1S+vk26j7th1565Ra12XcVTBGTgHl8ABTdACt6ANOgCDR/AK3sGH8WS8GZ/G13y0YpSeU/AHxvcPNxGvxA==</latexit>
TurnO↵ =
<latexit sha1_base64="c+HOyYXjowqAIf4rQhTN7f73q0g=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBFvBVUm60Y1QdO POCn1BW8pkOmmHzkzCzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjh8xqrTrfluFjc2t7Z3ibmlv/+DwyD4+6agwlpi0cchC2fORIowK0tZUM9KLJEHcZ6Trz24zv/tIpKKhaOkkIkOOJoIGFCNtpJFdrg440lPJ01YsxX0QzK+rI7vi1twFnHXi5 aQCOZoj+2swDnHMidCYIaX6nhvpYYqkppiReWkQKxIhPEMT0jdUIE7UMF2EnzvnRhk7QSjNE9pZqL83UsSVSrhvJrOkatXLxP+8fqyDq2FKRRRrIvDyUBAzR4dO1oQzppJgzRJDEJbUZHXwFEmEtemrZErwVr+8Tjr1mufWvId6pXGT11GEUziDC/D gEhpwB01oA4YEnuEV3qwn68V6tz6WowUr3ynDH1ifP1kAlI0=</latexit><latexit sha1_base64="c+HOyYXjowqAIf4rQhTN7f73q0g=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBFvBVUm60Y1QdO POCn1BW8pkOmmHzkzCzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjh8xqrTrfluFjc2t7Z3ibmlv/+DwyD4+6agwlpi0cchC2fORIowK0tZUM9KLJEHcZ6Trz24zv/tIpKKhaOkkIkOOJoIGFCNtpJFdrg440lPJ01YsxX0QzK+rI7vi1twFnHXi5 aQCOZoj+2swDnHMidCYIaX6nhvpYYqkppiReWkQKxIhPEMT0jdUIE7UMF2EnzvnRhk7QSjNE9pZqL83UsSVSrhvJrOkatXLxP+8fqyDq2FKRRRrIvDyUBAzR4dO1oQzppJgzRJDEJbUZHXwFEmEtemrZErwVr+8Tjr1mufWvId6pXGT11GEUziDC/D gEhpwB01oA4YEnuEV3qwn68V6tz6WowUr3ynDH1ifP1kAlI0=</latexit><latexit sha1_base64="c+HOyYXjowqAIf4rQhTN7f73q0g=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBFvBVUm60Y1QdO POCn1BW8pkOmmHzkzCzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjh8xqrTrfluFjc2t7Z3ibmlv/+DwyD4+6agwlpi0cchC2fORIowK0tZUM9KLJEHcZ6Trz24zv/tIpKKhaOkkIkOOJoIGFCNtpJFdrg440lPJ01YsxX0QzK+rI7vi1twFnHXi5 aQCOZoj+2swDnHMidCYIaX6nhvpYYqkppiReWkQKxIhPEMT0jdUIE7UMF2EnzvnRhk7QSjNE9pZqL83UsSVSrhvJrOkatXLxP+8fqyDq2FKRRRrIvDyUBAzR4dO1oQzppJgzRJDEJbUZHXwFEmEtemrZErwVr+8Tjr1mufWvId6pXGT11GEUziDC/D gEhpwB01oA4YEnuEV3qwn68V6tz6WowUr3ynDH1ifP1kAlI0=</latexit><latexit sha1_base64="c+HOyYXjowqAIf4rQhTN7f73q0g=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBFvBVUm60Y1QdO POCn1BW8pkOmmHzkzCzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjh8xqrTrfluFjc2t7Z3ibmlv/+DwyD4+6agwlpi0cchC2fORIowK0tZUM9KLJEHcZ6Trz24zv/tIpKKhaOkkIkOOJoIGFCNtpJFdrg440lPJ01YsxX0QzK+rI7vi1twFnHXi5 aQCOZoj+2swDnHMidCYIaX6nhvpYYqkppiReWkQKxIhPEMT0jdUIE7UMF2EnzvnRhk7QSjNE9pZqL83UsSVSrhvJrOkatXLxP+8fqyDq2FKRRRrIvDyUBAzR4dO1oQzppJgzRJDEJbUZHXwFEmEtemrZErwVr+8Tjr1mufWvId6pXGT11GEUziDC/D gEhpwB01oA4YEnuEV3qwn68V6tz6WowUr3ynDH1ifP1kAlI0=</latexit>
Time slot k
<latexit sha1_base64="Ptr8caBz+D2vQO+mS+z1P3Iobfc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GWwFVyXpRpdFNy 4r9AVNKJPppB06jzAzEUqoG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3nihhVBvP+3bW1jc2t7ZLO+Xdvf2DQ/fouKNlqjBpY8mk6kVIE0YFaRtqGOkliiAeMdKNJre5330gSlMpWmaakJCjkaAxxchYaeCeVgOOzFjxrEU5CaBm0swCOKkO3IpX8+aAq 8QvSAUUaA7cr2AoccqJMJghrfu+l5gwQ8pQzMisHKSaJAhP0Ij0LRWIEx1m8w9m8MIqQxhLZUsYOFd/T2SIaz3lke3Mz9XLXi7+5/VTE1+HGRVJaojAi0VxyqCRMI8DDqki2LCpJQgram+FeIwUwsaGVrYh+Msvr5JOveZ7Nf++XmncFHGUwBk4B5f AB1egAe5AE7QBBo/gGbyCN+fJeXHenY9F65pTzJyAP3A+fwDNP5Zy</latexit><latexit sha1_base64="Ptr8caBz+D2vQO+mS+z1P3Iobfc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GWwFVyXpRpdFNy 4r9AVNKJPppB06jzAzEUqoG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3nihhVBvP+3bW1jc2t7ZLO+Xdvf2DQ/fouKNlqjBpY8mk6kVIE0YFaRtqGOkliiAeMdKNJre5330gSlMpWmaakJCjkaAxxchYaeCeVgOOzFjxrEU5CaBm0swCOKkO3IpX8+aAq 8QvSAUUaA7cr2AoccqJMJghrfu+l5gwQ8pQzMisHKSaJAhP0Ij0LRWIEx1m8w9m8MIqQxhLZUsYOFd/T2SIaz3lke3Mz9XLXi7+5/VTE1+HGRVJaojAi0VxyqCRMI8DDqki2LCpJQgram+FeIwUwsaGVrYh+Msvr5JOveZ7Nf++XmncFHGUwBk4B5f AB1egAe5AE7QBBo/gGbyCN+fJeXHenY9F65pTzJyAP3A+fwDNP5Zy</latexit><latexit sha1_base64="Ptr8caBz+D2vQO+mS+z1P3Iobfc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GWwFVyXpRpdFNy 4r9AVNKJPppB06jzAzEUqoG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3nihhVBvP+3bW1jc2t7ZLO+Xdvf2DQ/fouKNlqjBpY8mk6kVIE0YFaRtqGOkliiAeMdKNJre5330gSlMpWmaakJCjkaAxxchYaeCeVgOOzFjxrEU5CaBm0swCOKkO3IpX8+aAq 8QvSAUUaA7cr2AoccqJMJghrfu+l5gwQ8pQzMisHKSaJAhP0Ij0LRWIEx1m8w9m8MIqQxhLZUsYOFd/T2SIaz3lke3Mz9XLXi7+5/VTE1+HGRVJaojAi0VxyqCRMI8DDqki2LCpJQgram+FeIwUwsaGVrYh+Msvr5JOveZ7Nf++XmncFHGUwBk4B5f AB1egAe5AE7QBBo/gGbyCN+fJeXHenY9F65pTzJyAP3A+fwDNP5Zy</latexit><latexit sha1_base64="Ptr8caBz+D2vQO+mS+z1P3Iobfc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GWwFVyXpRpdFNy 4r9AVNKJPppB06jzAzEUqoG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3nihhVBvP+3bW1jc2t7ZLO+Xdvf2DQ/fouKNlqjBpY8mk6kVIE0YFaRtqGOkliiAeMdKNJre5330gSlMpWmaakJCjkaAxxchYaeCeVgOOzFjxrEU5CaBm0swCOKkO3IpX8+aAq 8QvSAUUaA7cr2AoccqJMJghrfu+l5gwQ8pQzMisHKSaJAhP0Ij0LRWIEx1m8w9m8MIqQxhLZUsYOFd/T2SIaz3lke3Mz9XLXi7+5/VTE1+HGRVJaojAi0VxyqCRMI8DDqki2LCpJQgram+FeIwUwsaGVrYh+Msvr5JOveZ7Nf++XmncFHGUwBk4B5f AB1egAe5AE7QBBo/gGbyCN+fJeXHenY9F65pTzJyAP3A+fwDNP5Zy</latexit>
PumpIndex
<latexit sha1_base64="yNAWfBPFkxSScOzlujKSWSbxgTU=">AAAB/XicbVC7TsMwFHXKq5RXeGwsES0SU5V0gbGCBb Yi0YfURpXj3LZWbSeyHUSJKn6FhQGEWPkPNv4Gp80ALUeydHTOvbrHJ4gZVdp1v63Cyura+kZxs7S1vbO7Z+8ftFSUSAJNErFIdgKsgFEBTU01g04sAfOAQTsYX2V++x6kopG405MYfI6Hgg4owdpIffuo0uNYjyRPGwmPb0QID9NK3y67VXcGZ5l4O SmjHI2+/dULI5JwEJowrFTXc2Ptp1hqShhMS71EQYzJGA+ha6jAHJSfztJPnVOjhM4gkuYJ7czU3xsp5kpNeGAms6hq0cvE/7xuogcXfkpFnGgQZH5okDBHR05WhRNSCUSziSGYSGqyOmSEJSbaFFYyJXiLX14mrVrVc6veba1cv8zrKKJjdILOkIf OUR1dowZqIoIe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AbYGVMA==</latexit><latexit sha1_base64="yNAWfBPFkxSScOzlujKSWSbxgTU=">AAAB/XicbVC7TsMwFHXKq5RXeGwsES0SU5V0gbGCBb Yi0YfURpXj3LZWbSeyHUSJKn6FhQGEWPkPNv4Gp80ALUeydHTOvbrHJ4gZVdp1v63Cyura+kZxs7S1vbO7Z+8ftFSUSAJNErFIdgKsgFEBTU01g04sAfOAQTsYX2V++x6kopG405MYfI6Hgg4owdpIffuo0uNYjyRPGwmPb0QID9NK3y67VXcGZ5l4O SmjHI2+/dULI5JwEJowrFTXc2Ptp1hqShhMS71EQYzJGA+ha6jAHJSfztJPnVOjhM4gkuYJ7czU3xsp5kpNeGAms6hq0cvE/7xuogcXfkpFnGgQZH5okDBHR05WhRNSCUSziSGYSGqyOmSEJSbaFFYyJXiLX14mrVrVc6veba1cv8zrKKJjdILOkIf OUR1dowZqIoIe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AbYGVMA==</latexit><latexit sha1_base64="yNAWfBPFkxSScOzlujKSWSbxgTU=">AAAB/XicbVC7TsMwFHXKq5RXeGwsES0SU5V0gbGCBb Yi0YfURpXj3LZWbSeyHUSJKn6FhQGEWPkPNv4Gp80ALUeydHTOvbrHJ4gZVdp1v63Cyura+kZxs7S1vbO7Z+8ftFSUSAJNErFIdgKsgFEBTU01g04sAfOAQTsYX2V++x6kopG405MYfI6Hgg4owdpIffuo0uNYjyRPGwmPb0QID9NK3y67VXcGZ5l4O SmjHI2+/dULI5JwEJowrFTXc2Ptp1hqShhMS71EQYzJGA+ha6jAHJSfztJPnVOjhM4gkuYJ7czU3xsp5kpNeGAms6hq0cvE/7xuogcXfkpFnGgQZH5okDBHR05WhRNSCUSziSGYSGqyOmSEJSbaFFYyJXiLX14mrVrVc6veba1cv8zrKKJjdILOkIf OUR1dowZqIoIe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AbYGVMA==</latexit><latexit sha1_base64="yNAWfBPFkxSScOzlujKSWSbxgTU=">AAAB/XicbVC7TsMwFHXKq5RXeGwsES0SU5V0gbGCBb Yi0YfURpXj3LZWbSeyHUSJKn6FhQGEWPkPNv4Gp80ALUeydHTOvbrHJ4gZVdp1v63Cyura+kZxs7S1vbO7Z+8ftFSUSAJNErFIdgKsgFEBTU01g04sAfOAQTsYX2V++x6kopG405MYfI6Hgg4owdpIffuo0uNYjyRPGwmPb0QID9NK3y67VXcGZ5l4O SmjHI2+/dULI5JwEJowrFTXc2Ptp1hqShhMS71EQYzJGA+ha6jAHJSfztJPnVOjhM4gkuYJ7czU3xsp5kpNeGAms6hq0cvE/7xuogcXfkpFnGgQZH5okDBHR05WhRNSCUSziSGYSGqyOmSEJSbaFFYyJXiLX14mrVrVc6veba1cv8zrKKJjdILOkIf OUR1dowZqIoIe0TN6RW/Wk/VivVsf89GCle8coj+wPn8AbYGVMA==</latexit>
2
[172]
<latexit sha1_base64="Or8ofp/XpNTRKrBkAgGd+NYCDEk=">AAACRXicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmu21p1nMh2kCorP8fCzsYfsDCAECu4aVVKy5EsnXvuPdf2iVJGpXLdF6u0sbm1vVPetff2Dw6PnOOTtkwygUkLJywR3QhJwignLUUVI91UEBRHjHSi8c2033kgQtKE36tJSsIYDTkdUIyUkXpOEERkSLlWyDhyP7R/64whkWtcILdrcBlBY Gs/9+o1HeZ2QHh/YVhUZl3PqbhVtwBcJ96cVMAczZ7zHPQTnMWEK8yQlL7npirUSCiKzT47yCRJER6jIfEN5SgmMtRFCjm8MEofDhJhDlewUJcdGsVSTuLITMZIjeRqbyr+1/MzNbgKNeVppgjHs4sGGYMqgdNIYZ8KghWbGIKwoOatEI+QQFiZ4G0 Tgrf65XXSrlU9t+rd1SqN63kcZXAGzsEl8EAdNMAtaIIWwOARvIJ38GE9WW/Wp/U1Gy1Zc88p+APr+welK6/v</latexit><latexit sha1_base64="Or8ofp/XpNTRKrBkAgGd+NYCDEk=">AAACRXicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmu21p1nMh2kCorP8fCzsYfsDCAECu4aVVKy5EsnXvuPdf2iVJGpXLdF6u0sbm1vVPetff2Dw6PnOOTtkwygUkLJywR3QhJwignLUUVI91UEBRHjHSi8c2033kgQtKE36tJSsIYDTkdUIyUkXpOEERkSLlWyDhyP7R/64whkWtcILdrcBlBY Gs/9+o1HeZ2QHh/YVhUZl3PqbhVtwBcJ96cVMAczZ7zHPQTnMWEK8yQlL7npirUSCiKzT47yCRJER6jIfEN5SgmMtRFCjm8MEofDhJhDlewUJcdGsVSTuLITMZIjeRqbyr+1/MzNbgKNeVppgjHs4sGGYMqgdNIYZ8KghWbGIKwoOatEI+QQFiZ4G0 Tgrf65XXSrlU9t+rd1SqN63kcZXAGzsEl8EAdNMAtaIIWwOARvIJ38GE9WW/Wp/U1Gy1Zc88p+APr+welK6/v</latexit><latexit sha1_base64="Or8ofp/XpNTRKrBkAgGd+NYCDEk=">AAACRXicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmu21p1nMh2kCorP8fCzsYfsDCAECu4aVVKy5EsnXvuPdf2iVJGpXLdF6u0sbm1vVPetff2Dw6PnOOTtkwygUkLJywR3QhJwignLUUVI91UEBRHjHSi8c2033kgQtKE36tJSsIYDTkdUIyUkXpOEERkSLlWyDhyP7R/64whkWtcILdrcBlBY Gs/9+o1HeZ2QHh/YVhUZl3PqbhVtwBcJ96cVMAczZ7zHPQTnMWEK8yQlL7npirUSCiKzT47yCRJER6jIfEN5SgmMtRFCjm8MEofDhJhDlewUJcdGsVSTuLITMZIjeRqbyr+1/MzNbgKNeVppgjHs4sGGYMqgdNIYZ8KghWbGIKwoOatEI+QQFiZ4G0 Tgrf65XXSrlU9t+rd1SqN63kcZXAGzsEl8EAdNMAtaIIWwOARvIJ38GE9WW/Wp/U1Gy1Zc88p+APr+welK6/v</latexit><latexit sha1_base64="Or8ofp/XpNTRKrBkAgGd+NYCDEk=">AAACRXicbVC7TsMwFHXKq4RXgJHFokJiqpIuZaxgYS wSfUhJVDmu21p1nMh2kCorP8fCzsYfsDCAECu4aVVKy5EsnXvuPdf2iVJGpXLdF6u0sbm1vVPetff2Dw6PnOOTtkwygUkLJywR3QhJwignLUUVI91UEBRHjHSi8c2033kgQtKE36tJSsIYDTkdUIyUkXpOEERkSLlWyDhyP7R/64whkWtcILdrcBlBY Gs/9+o1HeZ2QHh/YVhUZl3PqbhVtwBcJ96cVMAczZ7zHPQTnMWEK8yQlL7npirUSCiKzT47yCRJER6jIfEN5SgmMtRFCjm8MEofDhJhDlewUJcdGsVSTuLITMZIjeRqbyr+1/MzNbgKNeVppgjHs4sGGYMqgdNIYZ8KghWbGIKwoOatEI+QQFiZ4G0 Tgrf65XXSrlU9t+rd1SqN63kcZXAGzsEl8EAdNMAtaIIWwOARvIJ38GE9WW/Wp/U1Gy1Zc88p+APr+welK6/v</latexit>
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<latexit sha1_base64="/xO+7R5EY7ur4wQeo9P1nD/xCDc=">AAACRXicbVC7TsMwFHV4lvAKMLJYVEhMVVKGMlawMB aJPqQkqhzHba06TmQ7SFWUn2NhZ+MPWBhAiBXcNCql5UiWzj33nmv7BAmjUtn2i7G2vrG5tV3ZMXf39g8OraPjjoxTgUkbxywWvQBJwignbUUVI71EEBQFjHSD8c20330gQtKY36tJQvwIDTkdUIyUlvqW5wVkSHmmkHbkrm/+1ilDIs9wgdy8hIvwP DNzc6dRz/zc9AgP54Z5pdf1rapdswvAVeKUpApKtPrWsxfGOI0IV5ghKV3HTpSfIaEo1vtML5UkQXiMhsTVlKOISD8rUsjhuVZCOIiFPlzBQl10ZCiSchIFejJCaiSXe1Pxv56bqsGVn1GepIpwPLtokDKoYjiNFIZUEKzYRBOEBdVvhXiEBMJKB2/ qEJzlL6+STr3m2DXnrl5tXpdxVMApOAMXwAEN0AS3oAXaAINH8ArewYfxZLwZn8bXbHTNKD0n4A+M7x+m4q/w</latexit><latexit sha1_base64="/xO+7R5EY7ur4wQeo9P1nD/xCDc=">AAACRXicbVC7TsMwFHV4lvAKMLJYVEhMVVKGMlawMB aJPqQkqhzHba06TmQ7SFWUn2NhZ+MPWBhAiBXcNCql5UiWzj33nmv7BAmjUtn2i7G2vrG5tV3ZMXf39g8OraPjjoxTgUkbxywWvQBJwignbUUVI71EEBQFjHSD8c20330gQtKY36tJQvwIDTkdUIyUlvqW5wVkSHmmkHbkrm/+1ilDIs9wgdy8hIvwP DNzc6dRz/zc9AgP54Z5pdf1rapdswvAVeKUpApKtPrWsxfGOI0IV5ghKV3HTpSfIaEo1vtML5UkQXiMhsTVlKOISD8rUsjhuVZCOIiFPlzBQl10ZCiSchIFejJCaiSXe1Pxv56bqsGVn1GepIpwPLtokDKoYjiNFIZUEKzYRBOEBdVvhXiEBMJKB2/ qEJzlL6+STr3m2DXnrl5tXpdxVMApOAMXwAEN0AS3oAXaAINH8ArewYfxZLwZn8bXbHTNKD0n4A+M7x+m4q/w</latexit><latexit sha1_base64="/xO+7R5EY7ur4wQeo9P1nD/xCDc=">AAACRXicbVC7TsMwFHV4lvAKMLJYVEhMVVKGMlawMB aJPqQkqhzHba06TmQ7SFWUn2NhZ+MPWBhAiBXcNCql5UiWzj33nmv7BAmjUtn2i7G2vrG5tV3ZMXf39g8OraPjjoxTgUkbxywWvQBJwignbUUVI71EEBQFjHSD8c20330gQtKY36tJQvwIDTkdUIyUlvqW5wVkSHmmkHbkrm/+1ilDIs9wgdy8hIvwP DNzc6dRz/zc9AgP54Z5pdf1rapdswvAVeKUpApKtPrWsxfGOI0IV5ghKV3HTpSfIaEo1vtML5UkQXiMhsTVlKOISD8rUsjhuVZCOIiFPlzBQl10ZCiSchIFejJCaiSXe1Pxv56bqsGVn1GepIpwPLtokDKoYjiNFIZUEKzYRBOEBdVvhXiEBMJKB2/ qEJzlL6+STr3m2DXnrl5tXpdxVMApOAMXwAEN0AS3oAXaAINH8ArewYfxZLwZn8bXbHTNKD0n4A+M7x+m4q/w</latexit><latexit sha1_base64="/xO+7R5EY7ur4wQeo9P1nD/xCDc=">AAACRXicbVC7TsMwFHV4lvAKMLJYVEhMVVKGMlawMB aJPqQkqhzHba06TmQ7SFWUn2NhZ+MPWBhAiBXcNCql5UiWzj33nmv7BAmjUtn2i7G2vrG5tV3ZMXf39g8OraPjjoxTgUkbxywWvQBJwignbUUVI71EEBQFjHSD8c20330gQtKY36tJQvwIDTkdUIyUlvqW5wVkSHmmkHbkrm/+1ilDIs9wgdy8hIvwP DNzc6dRz/zc9AgP54Z5pdf1rapdswvAVeKUpApKtPrWsxfGOI0IV5ghKV3HTpSfIaEo1vtML5UkQXiMhsTVlKOISD8rUsjhuVZCOIiFPlzBQl10ZCiSchIFejJCaiSXe1Pxv56bqsGVn1GepIpwPLtokDKoYjiNFIZUEKzYRBOEBdVvhXiEBMJKB2/ qEJzlL6+STr3m2DXnrl5tXpdxVMApOAMXwAEN0AS3oAXaAINH8ArewYfxZLwZn8bXbHTNKD0n4A+M7x+m4q/w</latexit>
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<latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuH FZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBU cUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+ 8zx84xIo4</latexit><latexit sha1_base64="h1L7IrCo9xTWn1aLVUeK5meezso=">AAACOnicbVDPS8MwGP06f806dXr1EhyCp9EOYR4FLx 4nuB/QlpFm2RaWpiVJhVH6z3nx7s3/wIsHRTybdWPOzQeB970v7/uSFyacKe04r1Zpa3tnd6+8bx9UDo+OqyeVjopTSWibxDyWvRArypmgbc00p71EUhyFnHbDye2s332kUrFYPOhpQoMIjwQbMoK1kfpV3w/piIlMY+PIvcD+rVOOZZ6RArl9hVbh+ 3bm5W6zkQW57VMxWBqWlRnXr9aculMAbRJ3QWqwQKtfffEHMUkjKjThWCnPdRIdZFhqRsw8208VTTCZ4BH1DBU4oirIihRydGGUARrG0hyhUaGuOjIcKTWNQnMzwnqs1nsz8b+el+rhdZAxkaSaCjJfNEw50jGaRYoGTFKi+dQQTCQzb0VkjCUm2gR vmxDc9S9vkk6j7jp1996BMpzBOVyCC024gTtoQRsIPMEbfMCn9Wy9W1/zuErWIrdT+APr+wckna5D</latexit><latexit sha1_base64="h1L7IrCo9xTWn1aLVUeK5meezso=">AAACOnicbVDPS8MwGP06f806dXr1EhyCp9EOYR4FLx 4nuB/QlpFm2RaWpiVJhVH6z3nx7s3/wIsHRTybdWPOzQeB970v7/uSFyacKe04r1Zpa3tnd6+8bx9UDo+OqyeVjopTSWibxDyWvRArypmgbc00p71EUhyFnHbDye2s332kUrFYPOhpQoMIjwQbMoK1kfpV3w/piIlMY+PIvcD+rVOOZZ6RArl9hVbh+ 3bm5W6zkQW57VMxWBqWlRnXr9aculMAbRJ3QWqwQKtfffEHMUkjKjThWCnPdRIdZFhqRsw8208VTTCZ4BH1DBU4oirIihRydGGUARrG0hyhUaGuOjIcKTWNQnMzwnqs1nsz8b+el+rhdZAxkaSaCjJfNEw50jGaRYoGTFKi+dQQTCQzb0VkjCUm2gR vmxDc9S9vkk6j7jp1996BMpzBOVyCC024gTtoQRsIPMEbfMCn9Wy9W1/zuErWIrdT+APr+wckna5D</latexit><latexit sha1_base64="a9JjY4cFc0CfDUa9Imi8UhoyxNc=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOnV1tXpdxVMApOAMXwAEN0AS3oAXaAINH8ArewYfxZLwZn8bXbHTNKD0n4A+M7x+n+a/v</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit><latexit sha1_base64="DXqCtZ/MsMigdoXw5XxQvvcYVHM=">AAACRXicbVBNS8MwGE79nPWr6tFLcAieRjuEeRx68T jBfUBbRppmW1ialiQVRumf8+Ldm//AiwdFvGrWlTk3Hwg87/O+z5vkCRJGpbLtF2NtfWNza7uyY+7u7R8cWkfHHRmnApM2jlksegGShFFO2ooqRnqJICgKGOkG45tpv/tAhKQxv1eThPgRGnI6oBgpLfUtzwvIkPJMIe3IXd/8rVOGRJ7hArl5CRfhe Wbm5k6jnvm56REezg3zSq/rW1W7ZheAq8QpSRWUaPWtZy+McRoRrjBDUrqOnSg/Q0JRrPeZXipJgvAYDYmrKUcRkX5WpJDDc62EcBALfbiChbroyFAk5SQK9GSE1Egu96bifz03VYMrP6M8SRXheHbRIGVQxXAaKQypIFixiSYIC6rfCvEICYSVDt7 UITjLX14lnXrNsWvOXb3avC7jqIBTcAYugAMaoAluQQu0AQaP4BW8gw/jyXgzPo2v2eiaUXpOwB8Y3z+oma/x</latexit>
In order to make it clear, we convert TurnOff into the row
when m = 3 in Tab. V, and combining with the electricity
price, we can see the time slots 1, 5, and 6 are the top 3
expensive prices. Therefore, Pump 172 at time slots 1, 5, and
6 is turned off, while Pump 170 is always on during the overall
window. The network status after pumps are turned off when
m = 3 is presented in Fig. 5(a), while Pump 170 speeds up
to fill Tank 131.
As Algorithm 2 proceeds, left is updated as 3, thus the
search window turns into [3, 6] and the new m = 5 means
pumps in 5 out of Hp = 6 time slots are turned off. Similarly,
the row when m = 5 in Tab. V is converted from cell TurnOff
and the the schedule of Pump 172 is shown in Fig. 5(b)
depicting that all control objectives are reached for Tank 130.
Notice that (a) the safety water level is not reached for Tank
131 because equation (26) allows for the water to go below the
safety level; and (b) the relative speed of Pump 170 at window
index 6 is reduced to 0.78 as the water level gradually reaches
its goal. The candidates are now m = 3 and m = 5, and after
comparing the corresponding costs, m = 5 is the final result.
From Tab. V, we can see that Pump 172 is off and Pump 170
is on with speed s = 1 for the next time t0 = 3.
VII. CASE STUDY 2: THOROUGH COMPARISONS WITH
RULE-BASED EPANET WDN CONTROL
In this section, we perform thorough case studies to show-
case the performance of our presented Algorithm 2 in compar-
ison with traditional WDN control through EPANET’s built-
in Rule-based Control (RBC). The simulations in this section
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(a) 3-node network. (b) 8-node network.
Fig. 6: 3-node and 8-node network.
(a) Control effort of the RBC from EPANET (3-node network).
(b) Control effort of the GP-MPC (3-node network).
Fig. 7: Comparison between RBC and GP-MPC for 3-node network.
are performed for the 3-node network in Fig. 6(a), the 8-node
network in Fig. 6(b), and BWSN in Fig. 8.
We note that EPANET is a software application used to
design, model, and simulate WDNs [48], and it also provides
RBC which has been widely employed in various engineering
problems. RBC can modify the status of controllable elements
based on a combination of conditions, e.g., turn on or off a
pump according to the desirable safe water level in tanks.
We compare the control effort between RBC and proposed
GP-MPC for the 3- and 8-node networks and BWSN. Only
the comparison of control effort for the 3-node network is
depicted in Fig. 7 due to space limitations, and results for the
other networks are listed in Tab. VI. The weights for the three
cost functions are chosen as ω1 = 1 for Γ1, ω2 = 10−4 for
Γ2, and ω3 = 10 for Γ3.
The 3-node network in Fig. 6(a) is a simple tree network
which only has one pump, one junction, and one tank. Junc-
tion 2 consumes water pumped from Reservoir 1, and the
remaining water is stored in Tank 3. The control objective
is to maintain the safe water level in Tank 3 defined by 910 ft
while minimizing pump cost and smoothness of control action.
Sampling rate or control interval is set as 1 hour to avoid
frequent pump switching that shortens the life of pumps [10].
After comparing the control effort of RBC in Fig. 7(a) and
Tab. VI: Comparison of objective functions for 3-node network, 8-
node network, and BWSN.
Network Method Safety: ω1Γ1 Smoothness: ω2Γ2 Pump cost: ω3Γ3 Total: Γ
3-node
network
RBC 7.71×104 4.22×102 5.60×103 8.31×104
GP-MPC 7.76×104 1.35×102 4.74×103 8.25×104
Reduced −0.6% 68.0% 15.4% 15.3%
8-node
network
RBC 8.19×103 6.11×102 1.12×104 2.00×104
GP-MPC 5.64×103 1.57×102 9.42×103 1.52×104
Reduced 31.1% 74.3% 15.9% 19.0%
BWSN
RBC 5.81×103 1.90×103 1.00×104 1.77×104
GP-MPC 1.85×103 3.06×103 9.0×103 1.39×104
Reduced 68.2% −61.1% 10.0% 16.8%
GP-MPC in Fig. 7(b), we note that (i) safe water level under
RBC is not fully maintained for 2 hours while the safety water
level under MPC is always reached; and (ii) the pump speed
solved via RBC is discrete while the speed from GP-MPC
and Algorithm 1 is continuous, and always remains as small
as possible to reduce cost.
Objective function values are listed in Tab. VI. As previ-
ously mentioned, the objective functions are typically con-
flicting with each other: maintaining safe water levels and
keeping smooth controls can be in conflict with achieving
smaller pump speeds and hence lower electric cost of operating
the pumps. The percent reductions for costs Γ1, Γ2, and Γ3
are −0.6%, 68%, and 15.4% for the 3-node network, which
means that Γ1 increases while Γ2 and Γ3 decrease. A similar
situation also happens to BWSN, but for the 8-node network,
all three objectives decrease simultaneously. The pump cost
Γ3 is respectively reduced by 15.4%, 15.9%, and 10.0% for
each network. The total cost is reduced by 15.3%, 19.0%,
and 16.8% for the three networks. We note that the tangible
price paid by the water utility is mostly through Γ3, seeing it
is difficult to quantify the monetary price of maintained safe
water levels in tanks or the smoothness of control actions.
With that in mind, these other two objectives (Γ1 and Γ2)
are important and should be included in a multi-period WDN
control problem. Finally, we note that changing weights for the
three cost functions does not change the findings: the proposed
GP-MPC method outperforms RBC regardless of the weights
for the cost functions Γ1,2,3.
VIII. LIMITATIONS AND FUTURE WORK
The limitations of this paper lie in the suboptimality of the
proposed heuristic as a result of not using integer variables to
model valve and pump operations, seeing that it is not clear
how all valves and pumps can be modeled through integer
variables in GP modeling. Besides that, this paper performs the
optimal control considering PRVs or FCVs assuming the set-
tings are known, rather than optimizing the settings of valves
so far, while the optimal placement and operation of valves
is not considered. Another limitation is the lack of explicit
quantification of water demand uncertainty. Although we have
illustrated that the GP-based control is robust to small demand
uncertainty, chance-constrained versions of the GP formulation
can provide assurance in terms of robustness to uncertainty.
In addition, and although empirical simulations have shown
that the GP-based approximation of the nonconvex head loss
models return feasible solutions regardless of the initial ap-
proximation point, a theoretical investigation of feasibility and
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convergence of the presented approximation is an important
research direction and a limitation of this current work. Finally,
exploring the performance and comparing (i) various mixed-
integer and (ii) continuous, convex optimization formulations
of the MPC problem in WDNs is another important future
research direction. Future work will address these limitations
and directions.
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APPENDIX A
GP BACKGROUND AND DEFINITIONS
A geometric program is a type of optimization problem
with objective and constraint functions that are monomi-
als and posynomials [38]. A real valued function g(x) =
cxa11 x
a1
2 · · ·xann , where c > 0 and ai ∈ R, is called
a monomial of the variables x1, . . . , xn. A sum of one
or more monomials, i.e., a function of the form f(x) =∑K
k=1 ckx
a1k
1 x
a2k
2 . . . x
ank
n where ck > 0, is called a posyn-
omial with K terms in the vector variable x. A standard GP
can be written as
GP: min
x>0
f0(x)
s.t. fi(x) ≤ 1, i = 1, . . . ,m (30)
gi(x) = 1, i = 1, . . . , p,
where x is an entry-wise positive optimization variable, fi(x)
are posynomial functions and gi(x) are monomials. The
definitions given next are used in the paper.
Definition 1. For matrices X and B ∈ Rm×n, the element-
wise exponential operation on X with base B, denoted as
Xˆ = BX , is a matrix of the same dimension with elements
given by
Xˆ = BX =
 b
x11
11 · · · bx1n1n
...
. . .
...
bxm1m1 · · · bxmnmn
 =
 xˆ11 · · · xˆ1n... . . . ...
xˆm1 · · · xˆmn
 .
When B = b1, where 1 is an m × n matrix of all ones,
BX can be denoted as bX for simplicity. When X = x1, BX
can be denoted as Bx for simplicity, which can be viewed as
element-wise power of matrix B.
Definition 2. For matrices Y ∈ Rn×m and matrix X ∈
Rm×p, the element-wise exponential matrix product C =
Y ?Xˆ has elements given by cij =
∏m
k=1(xˆkj)
yik for i =
1, . . . , n and j = 1, . . . , p, where xˆkj = bxkj .
Property 1. For matrices Y with size n ×m and X with
size m×p, let Xˆ = bX , where b is base. The following holds:
bY X = Y ?Xˆ.
Example 1. For matrices X =
[
x11 x12
x21 x22
]
, Y =
[
2 1
0 1
]
,
C = Y ?bX = Y ?Xˆ =
[
b2x11+x21 b2x12+x22
bx21 bx22
]
.
APPENDIX B
CLOSED-FORM EXPRESSION OF fGP(·)
We now provide the closed-form expression of fGP(·)
from (24). This function can be written as
xˆ(k + 1) = [A?xˆ(k)]◦[Bu?uˆ(k)]◦[Bv?vˆ(k)] (31a)
1nj = [Eu?uˆ(k)]◦[Ev?vˆ(k)]◦[Ed?dˆ(k)] (31b)
Tank 130 Tank 131
Pump 170
Pump 172
Reservoir 129
PRV 180
PRV 177
PRV 179
PRV 178
PRV 176
PRV 175PRV 173
PRV 174
Fig. 8: BWSN with 1 reservoir, 2 tanks, 2 pumps, 8 PRVs and 126
demand junctions [39].
[Ex1?xˆ(k)]◦[El1?lˆ(k)] = Fv(k)◦vˆ(k) (31c)
[Ex2?xˆ(k)]◦[El2?lˆ(k)] = [sˆ(k)Fs(k)]◦[(uˆM (k))Fu(k)] (31d)
[Ex3?xˆ(k)]◦[El3?lˆ(k)] = [oˆ(k)Fo(k)]◦uˆW (k). , (31e)
as nm×1 column vectors respectively collecting all of param-
eters CM1 (k) and C
M
2 (k) of pumps where E• are submatrices
after splitting (18c), Fv(k), Fo(k), Fs(k), and Fu(k) are
column vectors collecting all the CP(k), CW(k), CM1 (k) and
CM2 (k). Equations (31c), (31d) and (31e) are the abstract GP
form of pipe, pump, and valve models. The operator ◦ is the
element-wise product of two matrices. All of the above state-
space matrices in (31) can be generated automatically from
our Github code [42].
APPENDIX C
WDN PARAMETERS AND EXPERIMENTAL SETUP
This appendix contains all of the information needed to
reproduce the results shown in the paper. The BWSN network
topology, (forecast/real) water demand curves, and variable-
speed pump curves are given first in Fig. 8 and Fig. 9. The ba-
sic parameters in the 126-node network including the elevation
of nodes, length, and diameter of pipes are obtained from [40].
We now present the list of constraints and parameters used in
the simulations.
• The initial head of Tank 130 is 858.9 ft, the water level
range of Tank 130 is [843.9, 875.9] ft, and the safety water
level xsf (20a) of Tank 130 from Section III is set to 854 ft.
Similarly, the initial head of Tank 131 is 1147.09 ft, the
water level range of Tank 131 is [1147.1, 1178.99] ft, and
the corresponding safety water level is set to 1150.45 ft. We
set the total simulation time Tfinal to 24 hours in Algorithm 1.
• The demand pattern for 24 hours at different junctions is
shown in Fig. 9(a). This demand pattern is different from [40],
as our intention is to make the demand vary more rapidly to
test the performance of the presented GP-based control. In
order to test the ability of handling uncertainty, our algorithm
only uses the demand forecast whereas the EPANET simulator
uses the real demand shown in Fig. 9(a). The real demand and
forecast are randomly generated with ±10% difference.
• The relationship between head increase and flow of Pump
170 and Pump 172 defined by (7) are presented in Fig. 9(b).
We observe that the head increase and flow provided by a
pump varies with the relative speed s ∈ [0, 1] with s = 0
referring to the pump being off and the constraints (7) should
be removed from GP-MPC as we discussed in Section II-B.
Pump 170 is used with shutoff head h0 = 445, r = −1.947×
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(a) Water demand at various
junctions
(b) Variable-speed and efficiency
curves of Pumps 170 and 172.
Fig. 9: Water demand and pump setups of the BWSN network.
10−5, and ν = 2.28; the corresponding parameters of Pump
172 are h0 = 740, r = −8.382 × 10−5, and ν = 1.94.
The default global efficiency is 75% for all pumps in [40]
and the efficiency curves of pumps are not specified. But in
practice, the pump efficiency is dynamic, and is considered
while calculating the pump cost in (21). Hence, we define the
efficiency curves of Pump 170 and Pump 172 in Fig. 9(b).
• In (15), the physical constraints of the head imposed at the
ith junction is greater than its corresponding elevation, and the
head of ith reservoir is fixed at its elevation. Since we have
only one reservoir, this implies that hR129 = 425.0 ft. As for
the flow, the direction is unknown, and we simply constrain
the flow to qi ∈ [−3000, 3000] GPM.
• For the geometric programming component of the presented
formulations, we set the base b = 1.005. The parameters we
use in Algorithm 2 are selected as: error = 0.5 and maxIter =
10. We consider a sampling time of 1 hr, a prediction horizon
Hp = 6 hrs. For a single MPC window, GP-MPC has 2177
variables, 2283 constraints and takes approximately 136.3 sec
to find the final solution at t0 and the computational time for
entire simulation is 3271.4 sec.
• The numerical tests are simulated using EPANET Matlab
Toolkit [40] on Ubuntu 16.04.4 LTS with an Intel(R) Xeon(R)
CPU E5-1620 v3 @ 3.50GHz. The GP solver used here is
GGPLAB [49]. All codes and figures are included in [42].
